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Motivation

This work is about Bayesian hyperparameter inference in sparse Gaussian process regression.

Traditional gradient based optimisation (ML-Il) can be extremely sensitive to starting values.

ML-Il hyperparameter estimates are subject to high variability and underestimate prediction uncertainty.

We propose a novel and computationally efficient scheme Fully Bayesian inference in sparse GPs.
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Yn = f(zn) + €, € ~ N(0,0%), f ~ GP(0, k)

log p(y|0) = log [ p(y|f)p(f|0)df = c—5y" (Ky + 0’I) 'y — 3|Kp+ 0’
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Mathematical set-up

X = (z,)); CRP f ~ GP(0, ke)
y=(y)), CR pWIf) = TIn_s N(Wnlfn, 0?)
u={f(zm)}n1 CR Z ={zm}m-1,2m € RP

Canonical Inference for 6 in sparse GPs:

1. Specify a variational approximation to the posterior over (f, u)
2. Lower bound the GP log-marginal likelihood log p(y|60) > Lo 2
3. Use the closed-form ELBO to learn hyperparameters () and inducing locations (2)

p(f,uly,0) = q(f,u|0) = p(f|u, 0)q(u)
0" c argmaxy ; Lo 7.

Titsias [2009] showed that in the case of a Gaussian likelihood the optimal variational distribution ¢*(u) is Gaussian and can be derived in closed-form.

Doubly collapsed Inference for 6 in sparse GPs:

1. Specify a variational approximation to the posterior over (f, u, 0)
2. Lower bound the GP log-marginal likelihood logp(y) > [ ¢(8)Ls,7d0 — KL(q(0)||p(0))
3. Crucially, we can write down the optimal ¢*(0) upto a normallsmg constant.

p(f,u,0ly) ~ q(f,u,0) = p(f|u,0)q(u|0)q(6)
Sample 0" ~ ¢*(0)

Michalis Titsias. Variational learning of inducing variables in sparse Gaussian processes. In Artificial intelligence and statistics, pages 567-574. PMLR, 2009.



Algorithm

logp(y) > [ q(0)Le,zd0 — KL(q(6)|Ip(6))

Overall, the core training algorithm alternates between two steps:

1. Sampling step for 0: 6; ~ g*(0) x L(0, Z,p:) + log p(),

2. Optimisation step for Z: Z,,; <— optim(L), where

J
1
L=EqlL0,2)]~ 5 > L(0); Zopt), |
j=1

By sampling from ¢*(0), we side-step the need to sample from the joint (u, 8)-space
yielding a significantly more efficient algorithm in the case of regression with a Gaussian

likelihood.
Approach Time/it. Mem./it. Param / Vars
Non-collapsed [Hensman et al, 2015] m? m?
Collapsed (ours) m? ng

ng is the number of hyperparameters and m is the number of inducing variables

James Hensman, Alexander G Matthews, Maurizio Filippone, and Zoubin Ghahramani. MCMC for variationally Sparse Gaussian processes. In Advances in Neural Information Porcessing Systems, pages
1648-1656, 2015.



1d Synthetic Experiment

SGPR SGPR + HMC Joint HMC
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. . RMSE 0.580 0.537 0.682
W].th the constraint (:I: < _2) and (w > 2). NLPD ‘ 0214 ‘ 0.065 ‘ 0.74




Sparse GP Benchmarks

Neg. log predictive density (mean =+ se) on test data, 10 splits.
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Wall clock seconds for total MCMC samples

Our method, SGPR + HMC (--) outperforms other fully Bayesian
in terms of negative log

e Itis significantly faster relative to jointHMC sand Exact GP inference with

GPR + HMC x °
R benchmarks like jointHMC (--) and FBGP
= predictive density on unseen data.
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