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Evolutionary data predicts mutational effects

Tree of life (Hug et al. 2016)
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Applications

Predicting protein function Designing new proteins

Predicting disease risk

Hopf et al. 2017, Riesselman et al. 2018, Shin et al. 2021 Madani et al. 2020, Russ et al. 2020, Shin et al. 2021

Hopf et al. 2017, Frazer et al. 2021
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Density Estimation and Fitness Estimation
Recipe for estimating molecular fitness from evolutionary data

1. Start with evolutionary sequence data, assumed to be iid

2. Fit a probabilistic model to the data

3. Use the inferred density as an estimate of fitness

X1, . . . , XN ⇠ p0(x)
<latexit sha1_base64="zuNTAFXHWKM9aKqBNreSKKvT4NY=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFiECqUkVdBj0YsnqWDbQBPCZrNpl26yYXcjltKLF/+KFw+KePU/ePPfuG1z0NYHA4/3ZpiZF6SMSmVZ30ZhaXllda24XtrY3NreMXf32pJnApMW5owLJ0CSMJqQlqKKEScVBMUBI51gcDXxO/dESMqTOzVMiRejXkIjipHSkm8eOr5dhS4LuZJV6Pg30JU0hqlvVR5OfLNs1awp4CKxc1IGOZq++eWGHGcxSRRmSMqubaXKGyGhKGZkXHIzSVKEB6hHupomKCbSG02/GMNjrYQw4kJXouBU/T0xQrGUwzjQnTFSfTnvTcT/vG6mogtvRJM0UyTBs0VRxqDicBIJDKkgWLGhJggLqm+FuI8EwkoHV9Ih2PMvL5J2vWaf1uq3Z+XGZR5HERyAI1ABNjgHDXANmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sD4/AE535Z7</latexit>

q✓̂ = argmax
q✓

q✓(X1:N )
<latexit sha1_base64="9Osvzkqf+VdkrETU9/XLG0Si7gY="></latexit>

log q✓̂(x) ⇡ log p0(x) / f(x)
<latexit sha1_base64="8LtUAf4x3qOt1oQoZPOgPMb/u0A=">AAACInicbVDLSgMxFM34tr6qLt0Ei6CbMqOCuhPduFSwKnTKcCfNtMHMJCZ3pGXot7jxV9y4UNSV4MeYjl34OhA4OedeknNiLYVF33/3xsYnJqemZ2Yrc/MLi0vV5ZULq3LDeIMpqcxVDJZLkfEGCpT8ShsOaSz5ZXx9PPQvb7mxQmXn2Ne8lUInE4lggE6KqgehVB16ExVhF7AIscsRBoPN3hYNQWujerQc0JFfak7RqGjiLlG15tf9EvQvCUakRkY4jaqvYVuxPOUZMgnWNgNfY6sAg4JJPqiEueUa2DV0eNPRDFJuW0UZcUA3nNKmiTLuZEhL9ftGAam1/TR2kylg1/72huJ/XjPHZL9ViEznyDP29VCSS+pSDvuibWE4Q9l3BJgR7q+UdcEAQ9dqxZUQ/I78l1xs14Od+vbZbu3waFTHDFkj62STBGSPHJITckoahJE78kCeyLN37z16L97b1+iYN9pZJT/gfXwCMoOjZg==</latexit>

q✓̂ = argmax
q✓

q✓(X1:N )
<latexit sha1_base64="9Osvzkqf+VdkrETU9/XLG0Si7gY="></latexit>

Sequence space X
<latexit sha1_base64="BGaLzJX6ecM4kXtZ5vd+rNKW6Eo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AlI+Rcg==</latexit>

High fitness

Low fitnessXi
<latexit sha1_base64="3iZXTg4Ib3Bh78XuDxTfX/j8otU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OnzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAxHo28</latexit>
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Example
PDZ domain mutation effect predictions
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Progress in the field so far

2017 Time 2021

Bigger models, bigger datasets

Site-wise independent 
models Potts models

Deep variational 
autoencoders

Alignment-free deep 
autoregressive models
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Naive hypothesis

Bigger, more flexible 
models

Better density 
estimates

Better fitness 
estimates ?

q✓̂ = argmax
q✓

q✓(X1:N )
<latexit sha1_base64="9Osvzkqf+VdkrETU9/XLG0Si7gY="></latexit>

Sequence space X
<latexit sha1_base64="BGaLzJX6ecM4kXtZ5vd+rNKW6Eo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AlI+Rcg==</latexit>

p0
<latexit sha1_base64="b/9R2HXVh2vqy1FzzsCah3xlrk4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPTdfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD/O42b</latexit>
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Key Distinction

blank
Fitness estimation methods succeed by finding q✓̂ ⇡ p0,
since for all practical purposes on real data, p0 = p1.

<latexit sha1_base64="7WEFTMv857bYYkWLTEEFHduStVY="></latexit>

True data distribution, i.e. X1, X2, . . . ⇠ p0(x)
<latexit sha1_base64="qpnQq/KZ20R3u6vDgcYYZRzJTNY=">AAACBHicbVBNS8NAEN34WetX1GMvi0WoUEpSBT0WvXisYNtAE8Jms2mXbjZhdyOW0IMX/4oXD4p49Ud489+4bXPQ1gcDj/dmmJkXpIxKZVnfxsrq2vrGZmmrvL2zu7dvHhx2ZZIJTDo4YYlwAiQJo5x0FFWMOKkgKA4Y6QWj66nfuydC0oTfqXFKvBgNOI0oRkpLvllxfLsOHb9Zd1mYKAldSWOY+lbt4dQ3q1bDmgEuE7sgVVCg7ZtfbpjgLCZcYYak7NtWqrwcCUUxI5Oym0mSIjxCA9LXlKOYSC+fPTGBJ1oJYZQIXVzBmfp7IkexlOM40J0xUkO56E3F/7x+pqJLL6c8zRTheL4oyhhUCZwmAkMqCFZsrAnCgupbIR4igbDSuZV1CPbiy8uk22zYZ43m7Xm1dVXEUQIVcAxqwAYXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PeeuKUcwcgT8wPn8Ar3KWNQ==</latexit>

blank
Fitness estimation methods succeed by finding q✓̂ ⇡ p0,
since for all practical purposes on real data, p0 = p1.

<latexit sha1_base64="7WEFTMv857bYYkWLTEEFHduStVY="></latexit>

p1(x) =
1

Z exp(�f(x))
<latexit sha1_base64="MYmd2ZK+yvEJ/piOGAMq/HVJeos=">AAACHXicbVC7SgNBFJ31GeMramkzGISkCbsa0EYQbSwjGBWzMcxO7iZDZmeXmbtiWPZHbPwVGwtFLGzEv3ESU/g6MHA451zm3hMkUhh03Q9nanpmdm6+sFBcXFpeWS2trZ+bONUcmjyWsb4MmAEpFDRRoITLRAOLAgkXweB45F/cgDYiVmc4TKAdsZ4SoeAMrdQp1ZNrX6gQh5XbKj2gfqgZz7w88yOGfc5kdpXn1IfbpOIHgIyGNlftlMpuzR2D/iXehJTJBI1O6c3vxjyNQCGXzJiW5ybYzphGwSXkRT81kDA+YD1oWapYBKadja/L6bZVujSMtX0K6Vj9PpGxyJhhFNjkaGnz2xuJ/3mtFMP9diZUkiIo/vVRmEqKMR1VRbtCA0c5tIRxLeyulPeZLQhtoUVbgvf75L/kfKfm7dZ2Tuvlw6NJHQWySbZIhXhkjxySE9IgTcLJHXkgT+TZuXcenRfn9Ss65UxmNsgPOO+fLbShUw==</latexit>

Reflects fitness   , i.e. 

Data distribution

Target distribution

p1(x) =
1

Z exp(�f(x))
<latexit sha1_base64="MYmd2ZK+yvEJ/piOGAMq/HVJeos=">AAACHXicbVC7SgNBFJ31GeMramkzGISkCbsa0EYQbSwjGBWzMcxO7iZDZmeXmbtiWPZHbPwVGwtFLGzEv3ESU/g6MHA451zm3hMkUhh03Q9nanpmdm6+sFBcXFpeWS2trZ+bONUcmjyWsb4MmAEpFDRRoITLRAOLAgkXweB45F/cgDYiVmc4TKAdsZ4SoeAMrdQp1ZNrX6gQh5XbKj2gfqgZz7w88yOGfc5kdpXn1IfbpOIHgIyGNlftlMpuzR2D/iXehJTJBI1O6c3vxjyNQCGXzJiW5ybYzphGwSXkRT81kDA+YD1oWapYBKadja/L6bZVujSMtX0K6Vj9PpGxyJhhFNjkaGnz2xuJ/3mtFMP9diZUkiIo/vVRmEqKMR1VRbtCA0c5tIRxLeyulPeZLQhtoUVbgvf75L/kfKfm7dZ2Tuvlw6NJHQWySbZIhXhkjxySE9IgTcLJHXkgT+TZuXcenRfn9Ss65UxmNsgPOO+fLbShUw==</latexit>

These two distributions may not be equal, for 
instance due to the effects of phylogeny.

Further, the target distribution in general is not 
identifiable given the data distribution.



Hypothesis #1: Misspecification is a Curse
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blank
Fitness estimation methods succeed by finding q✓̂ ⇡ p0,
since for all practical purposes on real data, p0 = p1.

<latexit sha1_base64="7WEFTMv857bYYkWLTEEFHduStVY="></latexit>

True data distribution, i.e. X1, X2, . . . ⇠ p0(x)
<latexit sha1_base64="qpnQq/KZ20R3u6vDgcYYZRzJTNY=">AAACBHicbVBNS8NAEN34WetX1GMvi0WoUEpSBT0WvXisYNtAE8Jms2mXbjZhdyOW0IMX/4oXD4p49Ud489+4bXPQ1gcDj/dmmJkXpIxKZVnfxsrq2vrGZmmrvL2zu7dvHhx2ZZIJTDo4YYlwAiQJo5x0FFWMOKkgKA4Y6QWj66nfuydC0oTfqXFKvBgNOI0oRkpLvllxfLsOHb9Zd1mYKAldSWOY+lbt4dQ3q1bDmgEuE7sgVVCg7ZtfbpjgLCZcYYak7NtWqrwcCUUxI5Oym0mSIjxCA9LXlKOYSC+fPTGBJ1oJYZQIXVzBmfp7IkexlOM40J0xUkO56E3F/7x+pqJLL6c8zRTheL4oyhhUCZwmAkMqCFZsrAnCgupbIR4igbDSuZV1CPbiy8uk22zYZ43m7Xm1dVXEUQIVcAxqwAYXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PeeuKUcwcgT8wPn8Ar3KWNQ==</latexit>

blank
Fitness estimation methods succeed by finding q✓̂ ⇡ p0,
since for all practical purposes on real data, p0 = p1.

<latexit sha1_base64="7WEFTMv857bYYkWLTEEFHduStVY="></latexit>

p1(x) =
1

Z exp(�f(x))
<latexit sha1_base64="MYmd2ZK+yvEJ/piOGAMq/HVJeos=">AAACHXicbVC7SgNBFJ31GeMramkzGISkCbsa0EYQbSwjGBWzMcxO7iZDZmeXmbtiWPZHbPwVGwtFLGzEv3ESU/g6MHA451zm3hMkUhh03Q9nanpmdm6+sFBcXFpeWS2trZ+bONUcmjyWsb4MmAEpFDRRoITLRAOLAgkXweB45F/cgDYiVmc4TKAdsZ4SoeAMrdQp1ZNrX6gQh5XbKj2gfqgZz7w88yOGfc5kdpXn1IfbpOIHgIyGNlftlMpuzR2D/iXehJTJBI1O6c3vxjyNQCGXzJiW5ybYzphGwSXkRT81kDA+YD1oWapYBKadja/L6bZVujSMtX0K6Vj9PpGxyJhhFNjkaGnz2xuJ/3mtFMP9diZUkiIo/vVRmEqKMR1VRbtCA0c5tIRxLeyulPeZLQhtoUVbgvf75L/kfKfm7dZ2Tuvlw6NJHQWySbZIhXhkjxySE9IgTcLJHXkgT+TZuXcenRfn9Ss65UxmNsgPOO+fLbShUw==</latexit>

Reflects fitness, i.e. blank
Fitness estimation methods succeed by finding q✓̂ ⇡ p0,
since for all practical purposes on real data, p0 = p1.

<latexit sha1_base64="7WEFTMv857bYYkWLTEEFHduStVY="></latexit>

Model fit to observed data

p0
<latexit sha1_base64="b/9R2HXVh2vqy1FzzsCah3xlrk4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPTdfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD/O42b</latexit>

p1
<latexit sha1_base64="M7vOgLl0wETyY8dXIg8X1z40JhI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2ls120y7dbOLuRAilf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKzuMUu4H9GBEqFgFK3UTh66QoWY9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/THVKJjkk2I3NTyhbEQHvGOpohE3/nh274ScWqVPwljbUkhm6u+JMY2MyaLAdkYUh2bRm4r/eZ0Uwyt/LFSSIldsvihMJcGYTJ8nfaE5Q5lZQpkW9lbChlRThjaiog3BW3x5mTSrFe+8Ur27KNeu8zgKcAwncAYeXEINbqEODWAg4Rle4c15dF6cd+dj3rri5DNH8AfO5w9K9ZAi</latexit>

q✓⇤
<latexit sha1_base64="aeDehBdjveVpE8w9ZENzxldjvko=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQY9OIxgnlAdg2zk9lkyOzDmV4hLPkNLx4U8erPePNvnCR70MSChqKqm+4uP5FCo21/W4WV1bX1jeJmaWt7Z3evvH/Q0nGqGG+yWMaq41PNpYh4EwVK3kkUp6Evedsf3Uz99hNXWsTRPY4T7oV0EIlAMIpGch97mYtDjvThbNIrV+yqPQNZJk5OKpCj0St/uf2YpSGPkEmqddexE/QyqlAwySclN9U8oWxEB7xraERDrr1sdvOEnBilT4JYmYqQzNTfExkNtR6HvukMKQ71ojcV//O6KQZXXiaiJEUesfmiIJUEYzINgPSF4gzl2BDKlDC3EjakijI0MZVMCM7iy8ukVas659Xa3UWlfp3HUYQjOIZTcOAS6nALDWgCgwSe4RXerNR6sd6tj3lrwcpnDuEPrM8fGaKRuA==</latexit>

q✓̂
<latexit sha1_base64="yYGAVwMqeJJJvdhBAq3Z5RJy2W8=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkkV9Fj04rGC/YAmhM120yzdbOLupFBC/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXZoJrcJxva219Y3Nru7JT3d3bPzi0j447Os0VZW2ailT1QqKZ4JK1gYNgvUwxkoSCdcPR3czvjpnSPJWPMMmYn5Ch5BGnBIwU2PZTUHgxgcKDmAGZTgO75tSdOfAqcUtSQyVagf3lDVKaJ0wCFUTrvutk4BdEAaeCTaterllG6IgMWd9QSRKm/WJ++RSfG2WAo1SZkoDn6u+JgiRaT5LQdCYEYr3szcT/vH4O0Y1fcJnlwCRdLIpygSHFsxjwgCtGQUwMIVRxcyumMVGEggmrakJwl19eJZ1G3b2sNx6uas3bMo4KOkVn6AK56Bo10T1qoTaiaIye0St6swrrxXq3Phata1Y5c4L+wPr8AVIZlBo=</latexit>

M
<latexit sha1_base64="O0ZuVSc93kx5NZ9IzTaY5ls9v1g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0mnUvYt64+Gy1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4PYkWc=</latexit>

blank
Fitness estimation methods succeed by finding q✓̂ ⇡ p0,
since for all practical purposes on real data, p0 = p1.

<latexit sha1_base64="7WEFTMv857bYYkWLTEEFHduStVY="></latexit>

Better density estimation = better fitness estimation

Hypothesis #1



Hypothesis #2: Misspecification is a Blessing
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blank
Fitness estimation methods succeed by finding q✓̂ ⇡ p0,
since for all practical purposes on real data, p0 = p1.

<latexit sha1_base64="7WEFTMv857bYYkWLTEEFHduStVY="></latexit>

True data distribution, i.e. X1, X2, . . . ⇠ p0(x)
<latexit sha1_base64="qpnQq/KZ20R3u6vDgcYYZRzJTNY=">AAACBHicbVBNS8NAEN34WetX1GMvi0WoUEpSBT0WvXisYNtAE8Jms2mXbjZhdyOW0IMX/4oXD4p49Ud489+4bXPQ1gcDj/dmmJkXpIxKZVnfxsrq2vrGZmmrvL2zu7dvHhx2ZZIJTDo4YYlwAiQJo5x0FFWMOKkgKA4Y6QWj66nfuydC0oTfqXFKvBgNOI0oRkpLvllxfLsOHb9Zd1mYKAldSWOY+lbt4dQ3q1bDmgEuE7sgVVCg7ZtfbpjgLCZcYYak7NtWqrwcCUUxI5Oym0mSIjxCA9LXlKOYSC+fPTGBJ1oJYZQIXVzBmfp7IkexlOM40J0xUkO56E3F/7x+pqJLL6c8zRTheL4oyhhUCZwmAkMqCFZsrAnCgupbIR4igbDSuZV1CPbiy8uk22zYZ43m7Xm1dVXEUQIVcAxqwAYXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PeeuKUcwcgT8wPn8Ar3KWNQ==</latexit>

blank
Fitness estimation methods succeed by finding q✓̂ ⇡ p0,
since for all practical purposes on real data, p0 = p1.

<latexit sha1_base64="7WEFTMv857bYYkWLTEEFHduStVY="></latexit>

Model fit to observed data

p0
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Hypothesis #2blank
Fitness estimation methods succeed by using models M
that are misspecified with respect to p0, i.e. p0 /2 M.
Then q✓̂ is then closer to p1 than p0.
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Worse density estimation = better fitness estimation

blank
Fitness estimation methods succeed by finding q✓̂ ⇡ p0,
since for all practical purposes on real data, p0 = p1.
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p1(x) =
1

Z exp(�f(x))
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Reflects fitness, i.e. 



When Could Misspecification Help?
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Assume that the model M is log-convex and p1 2 M. Then, if p0 /2 M,

kl(q✓⇤kp1) < kl(p0kq✓⇤) + kl(q✓⇤kp1)  kl(p0kp1).

But if p0 2 M,
kl(q✓⇤kp1) = kl(p0kp1).

<latexit sha1_base64="N0mKFdww9oAdEcQ5XgHGektjwkU="></latexit>

Theorem:

q✓⇤ = argminq✓2M kl(p0kq✓)
<latexit sha1_base64="EHIYia64RJqksE5nd20zVo+DOi0="></latexit> blank
For any ✓, ✓0 2 ⇥ and 0 < r < 1, there exists some ✓00 such that
q✓00(x) = q✓(x)rq✓0(x)1�r/

P
x q✓(x)

rq✓0(x)1�r
<latexit sha1_base64="9SKN+tGJIV6zgW0OSuMNdE5KAjM="></latexit>

Large data limit of model:

Log-convex model:

Progress in fitness estimation:

1. Hypothesize models where                  and 

2. Check predictions against experimental fitness measurements.

3. Iterate. 
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Assume that the model M is log-convex and p1 2 M. Then, if p0 /2 M,

kl(q✓⇤kp1) < kl(p0kq✓⇤) + kl(q✓⇤kp1)  kl(p0kp1).

But if p0 2 M,
kl(q✓⇤kp1) = kl(p0kp1).
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Assume that the model M is log-convex and p1 2 M. Then, if p0 /2 M,

kl(q✓⇤kp1) < kl(p0kq✓⇤) + kl(q✓⇤kp1)  kl(p0kp1).

But if p0 2 M,
kl(q✓⇤kp1) = kl(p0kp1).
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Key Tool: Nonparametric Density Estimator
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Bayesian Embedded Autoregressive (BEAR) Model  
Amin*, Weinstein* & Marks, NeurIPS 2021

blank
For M > 0 su�ciently large and ✏ 2 (0, 1/2) su�ciently small,

⇧BEAR(B(p0,MN�✏)|X1:N )
N!1����! 1

in probability, where B(p, r) is a Hellinger ball of radius r centered at p, and

⇧BEAR(·|X1:N ) is the BEAR posterior.
<latexit sha1_base64="eStQVy1mr+RxNAYIuEiMKTf498M="></latexit>

Theorem (Posterior consistency):

Unbiased: converges to any , no matter how complicated.p0
Quantifies uncertainty: gives range of possible  compatible with the data.p0



Diagnostic Test
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Hypothesis 1 H1 : Sf (q✓̂) < Sf (p0).
Hypothesis 2 H2 : Sf (q✓̂) > Sf (p0).
Accept Hypothesis 2 at significance level ↵ > 0 if

⇧BEAR(Sf (q✓̂) > Sf (p)|X1:N ) > 1� ↵. (1)

Accept Hypothesis 1 at significance level ↵ if

⇧BEAR(Sf (q✓̂) < Sf (p)|X1:N ) > 1� ↵. (2)
<latexit sha1_base64="vYIFWsebOpKqx9lrMsjcjPjZGvo="></latexit>

Diagnostic test

Sf (p)
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Score evaluating how accurately  predicts fitness  
based on external experimental/clinical data.

p f



Fitness Prediction Tasks
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Hopf et al. 2017, 
Riesselman et al. 2018, 

Shin et al. 2021

Hopf et al. 2017, 
Frazer et al. 2021

1. Experimental assays of protein function
Evaluate with Spearman correlation between assay output and log probability.

37 assays, 32 protein families, ~1000s of measurements per assay.

2. Clinical annotation of variant disease risk
Evaluate with AUC when log probability is used to predict variant pathogenicity

97 genes, 87 protein families, ~1-10 measurements per assay.



Results: Experimental Assays
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functional effect prediction tasks (assays)

Hypothesis 2 is strongly preferred.
Existing models systematically outperform the true data distribution.



Results: Clinical Disease Risk
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pathogenicity prediction tasks (genes)

Hypothesis 2 is strongly preferred.
Existing models systematically outperform the true data distribution.



Conclusions
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‣ Fitness and phylogeny are non-identifiable.


‣ Better density estimation can lead to worse fitness estimation.


‣ Existing fitness estimation methods succeed because of, not 
despite, misspecification.


‣Progress through bigger models, trained on bigger 
datasets, is not inevitable.
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