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Introduction

We focus on the minimax optimization problem

min
x∈Rnx

max
y∈Rny

f(x,y).

The applications

Adversarial Learning

Domain Adaption

Fairness-Aware Machine Learning

Few-Shot Learning

Reinforcement Learning

Robust Optimization

Two-Player Games

NeurIPS22 Quasi-Newton Methods for Saddle Point Problems 2 / 16



First-Order Optimization

The assumptions

f(x,y) is µ-strongly-convex in x and µ-strongly-concave in y

∇f(x,y) is L-Lipschitz continuous

The update of extragradient method is

xk+1/2 = xk − η∇xf(xk,yk),

yk+1/2 = yk + η∇yf(xk,yk),

xk+1 = xk − η∇xf(xk+1/2,xk+1/2),

yk+1 = yk + η∇yf(xk+1/2,xk+1/2),

which has optimal linear convergence rate

∥xk − x∗∥22 + ∥yk − y∗∥22 ≤
(
1− µ

4L

)k (
∥x0 − x∗∥22 + ∥y0 − y∗∥22

)
.
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Second-Order Optimization

The assumptions

f(x,y) is µ-strongly-convex in x and µ-strongly-concave in y

∇f(x,y) is L-Lipschitz continuous

∇2f(x,y) is L2-Lipschitz continuous

The update of Newton method:

zk+1 = zk −
(
∇2f(zk)

)−1∇f(zk).

It has local quadratic convergence rate, where zk = (xk,yk).

The weakness

1 computing
(
∇2f(zk)

)−1
requires O(n3

x + n3
y)

2 construction ∇2f(zk) is also expensive
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Classical Quasi-Newton Methods

Classical quasi-Newton methods (BFGS, SR1, DFP...)

1 strongly convex minimization

2 avoiding construct or inverse the Hessian

3 superlinear local convergence rate
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Quasi-Newton Methods for Convex Optimization

Quasi-Newton methods for

min
x∈Rn

f(x).

Broyden family update (1970s)

Broydτ (G,H,u)
def
= τ

[
G− Huu⊤G+Guu⊤H

u⊤Hu
+

(
u⊤Gu

u⊤Hu
+ 1

)
Huu⊤H

u⊤Hu

]
+ (1− τ)

[
G− (G−H)uu⊤(G−H)

u⊤(G−H)u

]
∇2f(xk+1) ≈ Gk+1 = Broydτ (Gk,Hk+1,uk)

Hk+1uk and (Gk+1)
−1 only require O(n2)

We require ∇2f(x) is positive-definite!
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Quasi-Newton Methods for Convex Optimization

The different choice of τ

SR1 method: τk = 0

BFGS method: τk =
u⊤
k Hk+1uk

u⊤
k Gkuk

∈ [0, 1]

DFP method: τk = 1

The different choice of uk and Hk+1:

The classical quasi-Newton methods (1970s):

uk = xk+1 − xk, Hk+1 =

∫ 1

0

∇2f(xk + tuk) dt

=⇒ Hk+1uk = ∇f(xk+1)−∇f(xk).

The greedy quasi-Newton methods (2020):

uk = argmax
u∈{e1,...,en}

u⊤Gku

u⊤Hk+1u
, Hk+1 = ∇2f(xk+1)

The random quasi-Newton methods (2020)

uk ∼ N (0, I), Hk+1 = ∇2f(xk+1).
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Quasi-Newton Methods for Convex Optimization

We denote λ̂k = ⟨∇f(x), (∇2f(x))−1∇f(x)⟩.

Local superlinear convergence:

The classical quasi-Newton methods

1970s: lim
k→∞

∥xk+1 − x∗∥2
∥xk − x∗∥2

= 0

2020 : λ̂k ≤ O
((

L2

µ2k

)k/2 )
The greedy/random quasi-Newton methods

2020: λ̂k+k0 ≤ O
((

1− µ
L

)k0 (1− µ
Ln

)k(k−1)/2
)

2021: λ̂k+k0 ≤ O
((

1− µ
L

)k0 (1− 1
n

)k(k−1)/2
)

We require ∇2f(x) is positive-definite!
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Quasi-Newton Methods for Minimax Optimization

In 1970s, the asymptotic rates is based on Dennis–Moré Theorem:

lim
k→∞

∥∥(Gk −∇2f(x∗))(xk+1 − xk)
∥∥
2

∥xk+1 − xk∥2
= 0.

In 2020s, the non-asymptotic rates is based on

1 (BFGS) σk = tr
(
(Gk −∇2f(xk))((∇2f(xk))

−1
)
,

2 (SR1) τk = tr(Gk −∇2f(xk))

converge to zero, which means Gk converges to ∇2f(xk).
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Quasi-Newton Methods for Minimax Optimization

Come back to minimax optimization

min
x∈Rnx

max
y∈Rny

f(x,y).

The convexity on x and concavity on x means

∇2fxx(x,y) ≻ 0 and ∇2fyy(x,y) ≺ 0.

Then the Hessian

∇2f(x,y) =

[
∇2fxx(x,y) ∇2fxy(x,y)
∇2fyx(x,y) ∇2fyy(x,y)

]
is indefinite.
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Quasi-Newton Methods for Minimax Optimization

Denote z = (x,y), gk = ∇f(xk,yk), Ĥk = ∇2f(xk,yk) and Hk = Ĥ2
k.

We rewrite the Newton update

zk+1 =zk − Ĥ−1
k gk

=zk −
(
Ĥ−1

k Ĥ−1
k

)(
Ĥkgk

)
=zk −

(
H−1

k

)
Ĥkgk.

Some good news

The square of Hessian is (2κ2L2/L)-Lipschitz continuous

Hk = Ĥ2
k ⪰ µ2I

Ĥkgk and Hkgk can be computed efficiently

Approximating Hk leads to quasi-Newton for minimax!
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Quasi-Newton Methods for Minimax Optimization

Algorithm Quasi-Newton for Minimax

1: Input: z0 ∈ Rn, G0 ⪰ L2I, τk ∈ [0, 1] and M ≥ 0.

2: for k = 0, 1 . . .

3: zk+1 = zk −G−1
k Ĥkgk

4: rk = ∥zk+1 − zk∥

5: G̃k = (1 +Mrk)Gk

6: uk ∼ N (0, I)

7: Gk+1 = Broydτk(G̃k,Hk+1,uk).

8: end for
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Quasi-Newton Methods for Minimax Optimization

The different choice of τ

SR1 method: τk = 0

BFGS method: τk =
u⊤
k Hk+1uk

u⊤
k G̃kuk

∈ [0, 1]

DFP method: τk = 1

For BFGS/SR1 methods, we have

λk+k0 ≤
(
1− 1

n

) k(k−1)
2

(
1

2

)k (
1− 1

4κ2

)k0

with probability 1− δ, where κ = L/µ, n = nx + ny,

λk = ∥∇f(xk,yk)∥2 and k0 = O
((

n+ κ2
)
ln
(nκ

δ

))
.

We only require z0 is close to z∗, rather than ∇2f(z0) is close to ∇2f(z∗).
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Experiments on AUC maximization
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Experiments on Adversarial Debiasing
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Some Open Problem

The theory of quasi-Newton is not perfect :

1 How to establish the global convergence?

2 What is the lower bound for superlinear convergence?

3 What is the local convergence of limited-memory quasi-Newton?

4 How to solve minimax problem only by using gradient?
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