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Introduction

We focus on the minimax optimization problem

min max f(x,y).
nin max f(x,y)

The applications

Adversarial Learning

Domain Adaption

Fairness-Aware Machine Learning
Few-Shot Learning
Reinforcement Learning

Robust Optimization

Two-Player Games
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First-Order Optimization

The assumptions
e f(x,y) is pu-strongly-convex in x and pu-strongly-concave in y

e Vf(x,y) is L-Lipschitz continuous
The update of extragradient method is

Xpt1/2 = Xk — NV f (Xk, Vi),
yk+1/2 =Y + nvyf(xkh Yk),

X1 = Xk — NV f (Xpg1/2, Xkt 1/2)

Yit+1 = Yk + NVy f(Xpg1/2, Xkt1/2)5

which has optimal linear convergence rate

2 2 A% 12 2
I =713+ llye = 3715 < (1= 72) " (lxo = %7113 + iyo = ¥°13)-
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Second-Order Optimization

The assumptions

e f(x,y) is pu-strongly-convex in x and u-strongly-concave in y
e Vf(x,y) is L-Lipschitz continuous
e V2f(x,y) is Lo-Lipschitz continuous

The update of Newton method:

zi1 = 7 — (V2f(21)) 'V f(zp).

It has local quadratic convergence rate, where z = (X, Yi)-

The weakness
@ computing (sz(zk)f1 requires O(n3 + n)
@ construction V2f(z;) is also expensive

NeurlPS22 Quasi-Newton Methods for Saddle Point Problems 4 /16



Classical Quasi-Newton Methods

Classical quasi-Newton methods (BFGS, SR1, DFP...)
@ strongly convex minimization
@ avoiding construct or inverse the Hessian

© superlinear local convergence rate
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Quasi-Newton Methods for Convex Optimization

Quasi-Newton methods for

in f(x).

@ Broyden family update (1970s)

Broyd, (G, H,u) =r u"Hu u"Hu u’Hu

(G—-H)uu' (G — H)}
u’ (G —H)u

T T T T
def {G_Huu G+ Guu'H (u Gu+1) Huu H]

+(1-7) [Gf

o V?f(Xpy1) = Giy1 = Broyd, (Gy, Hyp1, up)
e H;,u; and (G, 1)~ ! only require O(n?)

We require V2f(x) is positive-definite!
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Quasi-Newton Methods for Convex Optimization

The different choice of 7
@ SR1 method: 7, =0

@ BFGS method: 7, =
@ DFP method: 7, =1

uy H gy €[0,1]
u;Gkuk ’

The different choice of ug and Hyy1:

@ The classical quasi-Newton methods (1970s): .

Ui = Xg+1 — Xk, Hk+1 = / VQf(Xk + tU.k,) dt
0

— Hk+1uk = Vf(Xk+1) — Vf(Xk)
@ The greedy quasi-Newton methods (2020):

u'Giu
up = argmax

———, Hjpp1 = V?f(Xk41)
uc{er,...,en} uTHk—i-lu

@ The random quasi-Newton methods (2020)
u, ~N(0,1), Hipr = V2 f(xpp1)-
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Quasi-Newton Methods for Convex Optimization

We denote A, = (Vf(x), (V2f(x)) 1V f(x)).

Local superlinear convergence:

@ The classical quasi-Newton methods
o 1970s: lim k1 =Xl

k—oo ||x —x*||,

o 2020 : A go((“)kﬂ)

=0

uZk
@ The greedy/random quasi-Newton methods

o 2020: Ajip, <O <(1 _ %)ko (1- L%)koc_n/z)

o 2021: Mgy <O ((1 _aykoq ;)k<k—1>/2)

n

We require V2 f(x) is positive-definite!
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Quasi-Newton Methods for Minimax Optimization

In 1970s, the asymptotic rates is based on Dennis—Moré Theorem:

. [(Gr = VZF(x*)) (%kt1 — %) |,

= 0.
ko0 [Xn41 = %kl

In 2020s, the non-asymptotic rates is based on
Q (BFGS) oy, = tr((Gr — V2 (1)) (V2 f(xx)) "),
@ (SR1) 71, = tr(Gy, — V2f(x1))
converge to zero, which means G, converges to V2 f(xz).
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Quasi-Newton Methods for Minimax Optimization

Come back to minimax optimization

min max f(x,y).
Jnin max f(x,y)

The convexity on x and concavity on x means
VZ fex(%,y) = 0 and  VZfyy(x,y) < 0.
Then the Hessian

2 r(ix . V2fxx(X,Y) VZny(X,y)
VY = |92 (xy) P2y (xy)

is indefinite.
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Quasi-Newton Methods for Minimax Optimization

Denote z = (x,y), g = V.f(xk,yx), Hy = V2f(xy, yx) and Hy = H2.

We rewrite the Newton update

A~

zi+1 =25 — Hy gy,
=z, — (H ' H; ') (Hrgr)
=Zr — (H,;l)I:Ikgk
Some good news
e The square of Hessian is (2k2 Lo/ L)-Lipschitz continuous
o Hy = I:Ii = 12T
° ﬂkgk and Hg. can be computed efficiently

Approximating Hy, leads to quasi-Newton for minimax!
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Quasi-Newton Methods for Minimax Optimization

Algorithm Quasi-Newton for Minimax

1: Input: zg € R", Go = LI, 7, € [0,1] and M > 0.
2. for k=0,1...

3 21 =2z, — G Hygy

4 e = ||Zes1 — 2|

5. Gp=(1+Mr,)Gy

6:  ug ~N(0,I)

7. Gy = Broyd,, (G, Hy1, wp).

8: end for
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Quasi-Newton Methods for Minimax Optimization

The different choice of 7
@ SR1 method: 7, =0
T
H
e BFGS method: 7, = U Zh1tk [0,1]

u;—Gkuk
@ DFP method: 7, =1

For BFGS/SR1 methods, we have

k(k—1)

1\ 2z /1\F 1\
< _ = -
ww=(1-0) 7 (3) (120

with probability 1 — §, where k = L/u, n = n, + ny,

Mo = IV Fxyi)ll, and ko= 0O ((n+ x2) In ("5“)) .

We only require zg is close to z*, rather than V2 f(zg) is close to V2 f(z*).
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Experiments on AUC maximization
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Experiments on Adversarial Debiasing
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Some Open Problem

The theory of quasi-Newton is not perfect :
© How to establish the global convergence?
@ What is the lower bound for superlinear convergence?
© What is the local convergence of limited-memory quasi-Newton?

@ How to solve minimax problem only by using gradient?
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