
Neurosymbolic
Programming

Swarat Chaudhuri Jennifer J. Sun

Armando Solar-Lezama



Neurosymbolic Programming

Neurosymbolic Function
Representations

(Symbolic code + 
neural networks)

Neurosymbolic
Learning Algorithms 

Neurosymbolic
Programming

Neurosymbolic Programming. Chaudhuri, Ellis, Polozov, Singh, Solar-Lezama,  Yue. 
Foundations and Trends in Programming Languages, 2021. 



Outline of Tutorial

1. What is Neurosymbolic Programming? 
2. Deep Dive: Neurosymbolic Programming for Science 
3. Algorithmic Techniques 
4. Deep Dive (continued) 
5. Algorithmic Techniques (continued) 
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What is Neurosymbolic Programming?



Ingredients for Machine Learning

S = (xi, yi ){ }i=1
N

Training Data

L(a,b) = (a− b)2

Loss Function

Model Class(es)

argmin
w,b

L yi, f (xi |w,b)( )
i=1

N

∑

Learning (Optimization)

This tutorial is mainly 
about these two

Profit!



Deep Neural Networks

Slide by Joe Marino

Key Benefits: 
• Expressiveness

• Differentiable Learning



Weaknesses of Deep Learning

Uninterpretable → Hard to trust/control Lack of domain knowledge →
Unreliable training, high sample complexity 

Opaque inductive bias → Brittle model



Key Insight: Use Symbolic Knowledge

A.k.a. “Code” or “Programs”



Two Ideas

A. Neurosymbolic function representations

B. Neurosymbolic learning algorithms



A. Neurosymbolic Function Representations



Neurosymbolic Programs

Symbolic Programs

Interpretable

Verifiable

Structured domain knowledge

Data efficient

Neural Networks

Scalable algorithms

Flexible

Handles messy data

Easy to get started



Application: Control

Goal: Control a car. 

Symbolic code:  
<latexit sha1_base64="CVEftDhSicS7ycyN6ahnznlxVNg="></latexit>

PIDhi,s⇤,kP ,kI ,kDi(s) = kPP (s� s⇤) + kII(s� s⇤) + kDD(s� s⇤)

𝑎𝑐𝑡𝑖𝑜𝑛𝑠𝑡𝑎𝑡𝑒 (s)
𝑟𝑒𝑤𝑎𝑟𝑑

Environment

Controller

<latexit sha1_base64="oFNX9KBvnF5yguIhdO9I715bin0="></latexit>

SwitchingPID(s) = if (s[TrackPos] < 0.011 and s[TrackPos] > �0.011)
then PIDhrpm,0.45,3.54,0.03,53.39i(s)
else PIDhrpm,0.39,3.54,0.03,53.39i(s) “then accelerate, 

otherwise slow 
down”

“If the car is aligned with 
the axis of the track…”

[Verma et al., 2019]

https://arxiv.org/abs/1907.05431


Machine learning

Learning a controller.

1. Collect data 
• For example, from exploration of the world or human demonstrations

2. Select a suitable model class (e.g., a category of neural networks)
3. Learn a function from the model class that maximizes reward.  

𝑎𝑐𝑡𝑖𝑜𝑛𝑠𝑡𝑎𝑡𝑒 (s)
𝑟𝑒𝑤𝑎𝑟𝑑

Environment

Controller

<latexit sha1_base64="sBbCVStqcEBdP2jYmfIfJJuyWKI=">AAAB73icbVBLSgNBEO2Jvxh/0SzdNIaAqzAjolkG3LiMYD6QDKGnU5M06fnYXSOEITtP4MaFIm69iAdwpwfwBB7AzmehiQ8KHu9VUVXPi6XQaNsfVmZldW19I7uZ29re2d3L7x80dJQoDnUeyUi1PKZBihDqKFBCK1bAAk9C0xteTPzmLSgtovAaRzG4AeuHwhecoZFafreDA0DWzRftsj0FXSbOnBSrhdLd99vXZ62bf+/0Ip4EECKXTOu2Y8fopkyh4BLGuU6iIWZ8yPrQNjRkAWg3nd47piWj9KgfKVMh0qn6eyJlgdajwDOdAcOBXvQm4n9eO0G/4qYijBOEkM8W+YmkGNHJ87QnFHCUI0MYV8LcSvmAKcbRRJQzITiLLy+TxknZOSufXpk0KmSGLDkkR+SYOOScVMklqZE64USSe/JInqwb68F6tl5mrRlrPlMgf2C9/gAYCJRy</latexit>

f✓



Control with neurosymbolic programs 
[Cheng et al., 2019]

Idea:  Models are programs with neural and symbolic components 

⊛

Neurosymbolic Controller

Symbolic controller used as a “regularizer”

<latexit sha1_base64="L8qg4wxiCpzXoxdT/rVqT//duG8="></latexit>

NS�(s) =
(1� �) SwitchingPID(s) + � f✓(s)

where 0  �  1

<latexit sha1_base64="sBbCVStqcEBdP2jYmfIfJJuyWKI=">AAAB73icbVBLSgNBEO2Jvxh/0SzdNIaAqzAjolkG3LiMYD6QDKGnU5M06fnYXSOEITtP4MaFIm69iAdwpwfwBB7AzmehiQ8KHu9VUVXPi6XQaNsfVmZldW19I7uZ29re2d3L7x80dJQoDnUeyUi1PKZBihDqKFBCK1bAAk9C0xteTPzmLSgtovAaRzG4AeuHwhecoZFafreDA0DWzRftsj0FXSbOnBSrhdLd99vXZ62bf+/0Ip4EECKXTOu2Y8fopkyh4BLGuU6iIWZ8yPrQNjRkAWg3nd47piWj9KgfKVMh0qn6eyJlgdajwDOdAcOBXvQm4n9eO0G/4qYijBOEkM8W+YmkGNHJ87QnFHCUI0MYV8LcSvmAKcbRRJQzITiLLy+TxknZOSufXpk0KmSGLDkkR+SYOOScVMklqZE64USSe/JInqwb68F6tl5mrRlrPlMgf2C9/gAYCJRy</latexit>

f✓

https://arxiv.org/abs/1905.05380


Neurosymbolic vs. Neural [Verma et al., 2019] 

Video by Abhinav Verma

https://arxiv.org/abs/1907.05431


Neural Control with Continuous-Time 
Symbolic Models [Shi et al., 2019]

• Dynamics:

• Control:

NNs to model 
residual dynamics

Symbolic

Symbolic

f(x) = Physics(x) + fa(x)

https://arxiv.org/abs/1811.08027


Concrete Instantiations

Boundary Conditions
https://arxiv.org/abs/1811.08027

Dynamic Environments
https://arxiv.org/abs/2205.06908

Multi-agent Interactions
https://arxiv.org/abs/2003.02992

https://arxiv.org/abs/1811.08027
https://arxiv.org/abs/2205.06908
https://arxiv.org/abs/2003.02992


Neurosymbolic Programs in AI4Science 
[Sun et al., 2022]

Keypoint 
Estimation

Feature 
Extraction

Classification 
Model

Keypoint Annotations Behavior Annotations

Mount OtherSniff

Goal: Quantify behavior from pose 

https://arxiv.org/abs/2210.05050


Task Programming [Sun et al., 2021] 

Nose coord mouse 1(x1, y1)
Nose coord mouse 2(x2, y2)

dist_nose(x1, y1, x2, y2):
x_diff = x2 - x1
y_diff = y2 - y1
dist = norm(x_diff, y_diff)

Nose-Nose
Distance 

Identify important attributes Write programs

trajectory

Step 1: Define important attributes (similar to feature design)

https://arxiv.org/abs/2011.13917


Self-supervised Programmatically Supervised
Self-supervised Loss

Programmatically 
Supervised Loss

Encoder Decoder 1 Decoder 2

Step 2: Use to structure representation learning

Task Programming 



Taxonomy of Neurosymbolic Programs

Symbolic 𝜎

Neural 𝜈

𝑥 𝑦if 𝑔(𝑥)

Branching composition [Anderson et al., 2020]

Symbolic 𝜎

Neural 𝜈!

Neural 𝜈"

…𝑥 𝑦

Symbolic-after-neural [Valkov et al., 2018]

+
Symbolic 𝜎

Neural 𝜈

𝑥 𝑦

Additive composition [Cheng et al., 2019]

Neural 𝜈#

Neural 𝜈!

Symbolic 𝜎

𝑥 𝑦

Neural-after-symbolic [Sun et al., 2021]

https://arxiv.org/abs/2009.12612
https://arxiv.org/abs/1804.00218
https://arxiv.org/abs/2009.12612
https://arxiv.org/abs/1905.05380
https://arxiv.org/abs/2009.12612
http://proceedings.mlr.press/v119/zhan20a/zhan20a.pdf


B. Neurosymbolic Learning Algorithms



Learning as Symbolic Program Synthesis
[Ellis et al., 2021]

Interpretable morpho-phonological 
rules for human languages from very few 
examples

Algorithm synthesizes rules using  
solvers for Boolean satisfiability (SAT)

Used to learn rules for 70 datasets 
spanning 58 languages

Understanding Morpho-phonology

https://www.nature.com/articles/s41467-022-32012-w


Neurosymbolic Program Synthesis

Program synthesis

Heuristic search

Solver-based search

Deductive pruning

Version spaces

Machine learning

Stochastic gradient descent

Sampling-based optimization

Variational approximations

Learning to learn



Neurosymbolic Program Synthesis

Learner

(1) Data
𝑥! , 𝑦!

𝑥 𝑦

argmin!∈ # 𝐄 $,& ~( 𝟏(𝑓(𝑥) ≠ 𝑦)

(2) Programming 
language (DSL 𝐿)

if (𝐴𝑥 + 𝑏 ≥ 0)

then 

else 𝑔(𝑥)

s.t. 𝑓 ⊨ 𝜑

Neurosymbolic program

(3) Additional 
constraints (𝜑),

e.g., safety, robustness



<latexit sha1_base64="sELk86nJ3DnqIuJw8aEW47ODDRE="></latexit>

↵(s) ::= a

| Op(↵1, . . . ,↵k, s)

| if b then ↵1 else ↵2

| �✓(s)

Program syntax defined as a grammar: 

Predefined parametrized
functions, capturing
prior knowledge 

Action

Current state 

if (s[TrackPos] < 0.011 and s[TrackPos] > �0.011)
then PIDhrpm,0.45,3.54,0.03,53.39i(s)
else PIDhrpm,0.39,3.54,0.03,53.39i(s)

<latexit sha1_base64="Y0uhhwzDbweC90gW+7Gz6q14d/s="></latexit>

Domain-Specific Language 
(“Family of programs”)

Program semantics implemented 
using an interpreter

Algebraic 
operationsProgram 

structure 



Neurosymbolic Program Synthesis

Domain Specific Language (DSL):  “Family of programs”

Learning Objective 
(“Loss Function”) Neurosymbolic Program (𝜶, 𝜽)

Learning Algorithm
(program synthesis)

Downstream Analyses

<latexit sha1_base64="8TgBMI12jKiJumND2FHs5U/N6IQ="></latexit>

↵(s) ::= a | Op(↵1(s), . . . ,↵k(s)) | if b then ↵1(s) else ↵2(s) |
�✓(↵1(s), . . . ,↵k(s))

b ::= �(s) | BOp(b1, . . . , bk)



Observations
• Fixed program structure 𝜶 → train parameters 𝜽 via gradient descent

• Setting 𝜶 as a neural network → standard deep learning 

• Finding 𝜶 is analogous to neural architecture search
• Sometimes call 𝜶 the “program architecture”

• Classic program synthesis focuses on 𝜶, with 𝜽 being very simple

Example 
Program:

Traditional neurosymbolic learning

if (s[TrackPos] < 0.011 and s[TrackPos] > �0.011)
then PIDhrpm,0.45,3.54,0.03,53.39i(s)
else PIDhrpm,0.39,3.54,0.03,53.39i(s)

<latexit sha1_base64="Y0uhhwzDbweC90gW+7Gz6q14d/s="></latexit>



Taxonomy of Neurosymbolic Program Synthesis
Neural-Guided 
Search

□

map □ □

map 𝑖𝑛 𝜆 □

Goal

Distillation

Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓
𝜆𝑖𝑛 𝑜𝑢𝑡

Symbolically 
Guided DL

𝜆𝑖𝑛 𝑜𝑢𝑡

𝜆𝑖𝑛 𝑜𝑢𝑡

Relaxation

Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓

𝜆𝑖𝑛 𝑜𝑢𝑡

Component Discovery
Goals Components

𝜆



Neural-Guided Search [Devlin et al., 2017]

• Leverage the ability of NN to learn complex 
conditional distributions

• Network guides the search for programs that 
satisfy the goals

□

map □ □

map 𝑖𝑛 𝜆 □

Goal

https://arxiv.org/abs/1703.07469


Symbolically Guided Deep Learning 
[Sun et al., 2021]

• Symbolic knowledge can be used to guide 
the training of neural networks

• When you want a network that is consistent 
with prior knowledge

• When you want to improve data efficiency and 
better generalization

Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓

𝜆𝑖𝑛 𝑜𝑢𝑡

https://arxiv.org/abs/2011.13917


Distillation [Verma et al., 2019]

• Use the neural network as a starting point for 
program synthesis

• Replace neural components with symbolic ones
• To improve interpretability and analyzability
• To better generalize out of distribution
• To ensure more predictable behavior

Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓
𝜆𝑖𝑛 𝑜𝑢𝑡

https://arxiv.org/abs/1907.05431


Relaxation [Shah et al., 2020]

• Replace symbolic components with neural proxies
• Can help leverage the information in the symbolic 

component into a larger DL pipeline

• Can help guide the search for symbolic components

𝜆𝑖𝑛 𝑜𝑢𝑡

𝜆𝑖𝑛 𝑜𝑢𝑡

https://arxiv.org/abs/2007.12101


Component Discovery [Ellis et al., 2020]

• Given a set of goals, we want to learn collections of components 
that can help us achieve those goals.

• A form of abstraction where we want to identify the common structure 
in a set of goals and capture it symbolically into a set of useful 
components

• Requires deep interaction between neural and symbolic reasoning

Goals Components

𝜆



Neurosymbolic learning isn’t new…
…but it’s a good time to push on it!

• Recent progress in symbolic reasoning as well as deep learning

• New algorithms that can scale 

• Demand by domain experts



Deep Dive: 

Neurosymbolic Programming for Science



Behavior Analysis in Science
Neural Activity

Observed Behavior

Pharmacological
Evaluation

Strain variations



Behavior Quantification

How to categorize behavior at each frame?

CalMS21 Dataset: https://arxiv.org/pdf/2104.02710.pdf

>100 annotation hours 
per day of recording 

https://arxiv.org/pdf/2104.02710.pdf


Dataset Overview

CalMS21 Dataset: https://arxiv.org/pdf/2104.02710.pdf

Keypoints

Keypoint 
Estimator

Behavior 
Classifier

Observed Behavior Behavior Labels
(from experts)

Code: Use neurosymbolic
programming to learn relationship 
between pose and behavior

https://arxiv.org/pdf/2104.02710.pdf


Behavioral Attributes / Features

Dataset:
• Raw trajectories
• Expert-annotated behaviors
• Behavioral attributes

Designed by domain experts 
for behavior analysis

Task Programming: https://arxiv.org/pdf/2011.13917.pdf

https://arxiv.org/pdf/2011.13917.pdf


Feature Selections

Speed

Distance

Temporal Filters Compositions

Subprogram 1

Subprogram 2

+

Defining the space of programs



Program Examples
1D Conv Net

F1: 0.86 F1: 0.84

Program Learning
(Visualizing feature subset)

Interpreting Annotation Differences: https://arxiv.org/pdf/2106.06114.pdf

https://arxiv.org/pdf/2106.06114.pdf


Program Visualizations

MARS (Segalin et al.)
neuroethology.github.com/MARS

https://neuroethology.github.io/MARS/


Code Structure

• Data Visualization
• Plot trajectory samples

• Neural Network
• Train a 1D Conv Net

• Program Learning
• Train program given structure

• Visualize Model Weights
• Open-Ended Exploration



Code Walk-Through

bit.ly/neurosym_tutorial



Outline of Tutorial

1. What is Neurosymbolic Programming? 
2. Deep Dive: Neurosymbolic Programming for Science 
3. Algorithmic Techniques 
4. Deep Dive (continued) 
5. Algorithmic Techniques (continued) 
6. Conclusion



Algorithmic Techniques



Neurosymbolic Programming 

Learner

(1) Data
𝑥! , 𝑦!

𝑥 𝑦(2) Programming 
language (DSL 𝐿)

if (𝐴𝑥 + 𝑏 ≥ 0)

then 

else 𝑔(𝑥)

Neurosymbolic model 

Neurosymbolic models + neurosymbolic learning algorithms

(3) Additional 
constraints (𝜑)

(𝜶, 𝜽)

• 𝛼 is the program structure
• 𝜃 are the program parameters



Learning as Bilevel Optimization

min
!
(min

"
𝐿𝑜𝑠𝑠 𝛼, 𝜃 + 𝑠 𝛼 )

• 𝐿𝑜𝑠𝑠(𝛼, 𝜃) quantifies fit to the dataset 
• The structural cost 𝑠(𝛼) penalizes complex program structures.

structure parameters



Learning Strategy

• Setting 𝜶 as a neural network → standard deep learning 
• Finding 𝜶 is analogous to neural architecture search

• Sometimes call 𝜶 the “program architecture”
• Classic program synthesis focuses on 𝜶, with 𝜽 being very simple

Learning Objective 
(“Loss Function”)

Neurosymbolic Program (𝜶, 𝜽)Learning Algorithm
(aka synthesis)

Domain-Specific 
Language (DSL)

min
/
(min

0
𝐿𝑜𝑠𝑠 𝛼, 𝜃 + 𝑠 𝛼 )



Taxonomy of Neurosymbolic Program Synthesis
Neural-Guided 
Search

□

map □ □

map 𝑖𝑛 𝜆 □

Goal

Distillation

Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓
𝜆𝑖𝑛 𝑜𝑢𝑡

Symbolically 
Guided DL

𝜆𝑖𝑛 𝑜𝑢𝑡

𝜆𝑖𝑛 𝑜𝑢𝑡

Relaxation

Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓

𝜆𝑖𝑛 𝑜𝑢𝑡

Component Discovery
Goals Components

𝜆



Neural-Guided Search

□

map □ □

map 𝑖𝑛 𝜆 □

Goal



Enumerating programs

• Program enumeration is really a graph search problem

Choices on how to 
extend the program

Partially 
completed 
program

More 
complete 
program



Enumerating programs

• Program enumeration is really a graph search problem

Choices on how to 
extend the program

x := a+b
y := x + 2

x := a+b
y := x + 2
z := y + 2



Enumerating programs

• Program enumeration is really a graph search problem

Choices on how to 
extend the program

map ?? ?? 

map input ?? 



Algorithmic Idea:  Type-Directed Enumeration



Top-Down Program Synthesis
�x. f⇤

�x. [ ] �x. foldl x (�zy. h⇤)[ ]�x. x

𝜆𝑥.map 𝑥 𝑁𝑁!""

𝜆𝑥.map 𝑥 𝑔∗

Goal: Find path from the root to a least-cost sink.  

Build up a search graph:
• The root is the empty program

• Internal nodes are partial program structures

• Sinks 𝛼 are complete program structures
• Come with costs 𝐶 𝛼 = min

0
𝐿𝑜𝑠𝑠(𝛼, 𝜃) + 𝑠(𝛼)

• Edges model single derivation steps. Challenge:  Too many programs! 



Type-Directed Search

• Pro: Can lead to useful pruning
• Con: Doesn’t engage with the quantitative aspect of the problem.  

Source: Valkov et al., 2018



Learning to Search



Basic Idea

�x. f⇤

�x. [ ] �x. foldl x (�zy. h⇤)[ ]…�x. x 𝜆𝑥.map 𝑥 𝑔∗

𝑤!
𝑤" 𝑤#

𝑤$

[𝑤% , 𝑤&]

[𝑇𝑎𝑠𝑘,𝐦𝐚𝐩]

𝑤% 𝑤&

Idea: Learn weights on the search tree from a set of programming tasks. 



Simplest Case: 
Deterministic Greedy

�x. f⇤

�x. [ ] �x. foldl x (�zy. h⇤)[ ]…�x. x 𝜆𝑥.map 𝑥 𝑔∗

𝑤!
𝑤" 𝑤#

𝑤$

[𝑤% = 0.25 , 𝑤& = 0.75]

[𝑇𝑎𝑠𝑘,𝐦𝐚𝐩]

𝑤% = 0.25 𝑤& = 0.75

Runtime: greedily follow NN’s most preferred predictions



Next Step:
Beam Search

�x. f⇤

�x. [ ] �x. foldl x (�zy. h⇤)[ ]…�x. x 𝜆𝑥.map 𝑥 𝑔∗

𝑤!
𝑤" 𝑤#

𝑤$

[𝑤% = 0.25 , 𝑤& = 0.75]

[𝑇𝑎𝑠𝑘,𝐦𝐚𝐩]

𝑤% = 0.25 𝑤& = 0.75

Runtime: keep track of top-K most likely sequences 
• (e.g., top-K greedy)

Devlin et al. RobustFill: Neural Program Learning Under Noisy I/O. ICML 2017.



Why Would This Work?

• NN is trained on many related synthesis tasks
• (unlike Neural Relaxations)

• NN has learned what makes a good completion

• Thus, can greedily follow NN’s predictions
• (similar to Language Models where NN can complete a prompt)

[𝑇𝑎𝑠𝑘,𝐦𝐚𝐩]



Learning Setup

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

Task

Program

(not always needed)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

Task

Program

(not always needed)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

Task

Program

(not always needed)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

Task

Program

(not always needed)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

Task

Program

(not always needed)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

Task

Program

(not always needed)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

Task

Program

(not always needed)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

(Input, Output)
(Input, Output)

Task

Program

(not always needed)

(Input, Output)

Program

(grow the program one step at a time)

Devlin et al. RobustFill: Neural Program Learning Under Noisy I/O. ICML 2017.

E.g., programs and inputs are generated randomly



Sequence Prediction

The big brown bear 
scares the children 
with its roar

Why do children hate 
the big brown bear?

Q&A

I like artificial 
intelligence

我喜欢人工智能

Translation Completion

It is trained on a corpus of over 1 
billion words, and can generate text at 
character level accuracy. GPT-3's 
architecture consists of two main 
components…

GPT-3 is a deep neural network that 
uses the attention mechanism to 
predict the next word in a sentence.



Neural Architectures for Sequence 
Prediction

Common Architectures:
• Recurrent NNs
• Transformers (Attention)

Input Seq Embedding Output Seq

(Can handle variable 
length inputs/outputs)

feature vectors



RobustFill Program

Output program generated token by token

Devlin et al. RobustFill: Neural Program Learning Under Noisy I/O. ICML 2017.

Input Output

January jan

February feb

March mar ToCase(Lower, Subsrt(1, 3))



Input True Output Program’s Output

Program



Imitation vs. Reinforcement Learning

Imitation learning

𝑆𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛! 𝑃𝑟𝑜𝑔𝑟𝑎𝑚!

Reinforcement learning

Environment

state action

Reward



Synthesis with REPL

Goal

Initial
state

rectangle() circle()

Interpreter

New
state

sub(1, 2)

Interpreter

New
state

Interpreter

New
state



Spec

canvas 1

canvas 2

canvas 3

Next Instruction:
Subtract($3, $1)  .5
Subtract($3, $2)  .4
Rectangle(….)       .1

Spec

canvas 1

canvas 2

Next Instruction:
Subtract($1, $2)  .5
Rectangle(….)       .4
Circle(…)                .1

Learning to synthesize incrementally 1



Learning to synthesize incrementally 2

policy

value function



Estimating the “Cost to Go”

• 𝑃∗ = partial program (non-terminal nodes)
• ℂ(𝑃∗) = completions of 𝑃∗ (reachable terminal nodes)

Heuristic Estimate: d 𝑃∗ ≈ min
B∈ℂ B∗

Δ𝑠 𝑃, 𝑃∗ +min
0
Loss(𝛼B, 𝜃B)

• If 𝑑 𝑃∗ is a lower bound  it becomes an “admissible heuristic”

Additional Structure Cost Training Loss

“Cost to Go”



Guiding program search

So far
• Neural network policy to guide search
• Value function scores individual states



Guiding program search

• Problem: You only get ground truth 
on the leaves of the search tree

• Value for an intermediate node is only 
an estimate

𝑠 𝑃 + min
0
Loss(𝛼B, 𝜃B)

𝑃



Guiding program search

• Problem: You only get ground truth on 
the leaves of the search tree

• Value for an intermediate node is only an 
estimate

• Can we get a better estimate with DL?

𝑠 𝑃 + min
0
Loss(𝛼B, 𝜃B)

𝑃!∗

𝑃

𝑃#∗

𝑃$∗



Learning with Neural Heuristics 

Shah et al. Learning Differentiable Programs with Neural Admissible Heuristics. NeurIPS 2020.



𝑔∗

�x. f⇤

�x. [ ] �x. foldl x (�zy. h⇤)[ ]�x. x 𝜆𝑥.map 𝑥 𝑔∗

Guiding Search with Neural Relaxations

Learning Differentiable Programs with Admissible Neural Heuristics, Ameesh Shah*, Eric Zhan*, et al., NeurIPS 2020

Fill hole with NN

Train parameters

Use training loss to guide search

If a large neural network 
cannot fit this hole, then a 
neurosymbolic completion 
also cannot



Motivating Observation/Assumption: 
Functional Representational Power

“Large” Neural Models

Neurosymbolic Models

Every neurosymbolic model can be (approximately) represented by some “large” neural model.“Neural Relaxation”



Implication 
(abstract form)

Any Cost Function 

Slack due to approximation 
error or training ability

∀𝑃, ∃𝑓 ∈ 𝐹 s.t. 𝑑 𝑓 ≤ 𝑑 𝑃 + 𝜖

Large Neural

Every neurosymbolic model can be (approximately) represented by some “large” neural model.“Neural Relaxation”

Neurosymbolic

𝑃
𝑓 ∈ 𝐹

We can train an admissible heuristic!



Informed Search (e.g., A*)

• Use 𝑑 𝑃∗ to prune the search �x. f⇤

�x. [ ] �x. foldl x (�zy. h⇤)[ ]�x. x 𝜆𝑥.map 𝑥 𝑔∗

𝑠 . + Loss( . )>

Suppose: Structural Cost

“Cost to Go” Heuristic

Training Loss

Can Prune This Branch!

𝑠 . + 𝑑 .𝜆𝑥.𝑚𝑎𝑝 𝑥 𝑔∗ 𝜆𝑥.𝑚𝑎𝑝 𝑥 𝑔∗



A* Search

• Priority queue of current leaf nodes:
• Sorted by 𝑠 𝑃∗ + 𝑑(𝑃∗)

• Pop off top program 𝑃∗
• If 𝑃∗ is complete, terminate
• Else, expand 𝑃∗, add child nodes to priority queue

• Guarantee: if 𝑑(𝑃∗) is admissible,  A* will return optimal 𝑃
• Tighter 𝑑(𝑃∗) prunes more aggressively
• Uninformed 𝑑 𝑃∗ (e.g., always 0) => uninformed search

Lower bounds “Cost to Go”



NEAR: Results

NEAR 

Learning Differentiable Programs with Admissible Neural Heuristics, Ameesh Shah*, Eric Zhan*, et al., NeurIPS 2020

B E T T E R
Order of magnitude speedup!



𝑔∗

�x. f⇤

�x. [ ] �x. foldl x (�zy. h⇤)[ ]�x. x 𝜆𝑥.map 𝑥 𝑔∗

NEAR: Neural Admissible Relaxations

Learning Differentiable Programs with Admissible Neural Heuristics, Ameesh Shah*, Eric Zhan*, et al., NeurIPS 2020

Fill hole with NN

Train parameters

Use training loss as admissible heuristic

If a large neural network 
cannot fit this hole, then a 
neurosymbolic completion 
also cannot



Summary

• Today, we saw two strategies for learning neurosymbolic programs
• Type-directed enumeration, informed search via admissible neural heuristics

• Next: Deep Dive Continued
• Code for enumeration & NEAR



Behavior Quantification

How to categorize behavior at each frame?

CalMS21 Dataset: https://arxiv.org/pdf/2104.02710.pdf

Code: Use neurosymbolic
programming to learn 
relationship between pose and 
behavior

https://arxiv.org/pdf/2104.02710.pdf


Code Structure: Enumeration

• Running Enumeration
• Base DSL
• Morlet Filter DSL
• Neurosymbolic DSL

• Visualize Runtime vs. 
Classification Performance
• Implement Temporal Filter
• Open-Ended Exploration



Code Structure: Enumeration
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Code Structure: Enumeration

• Running Enumeration
• Base DSL
• Morlet Filter DSL
• Neurosymbolic DSL

• Visualize Runtime vs. 
Classification Performance
• Implement Temporal Filter
• Open-Ended Exploration

Symmetric Filter
(provided)

Asymmetric Filter
(implement)



Code Structure: NEAR

• Running NEAR
• Base DSL
• Morlet Filter DSL

• Visualize Runtime vs. 
Classification Performance
• Open-Ended Exploration:

• Modifying Heuristic Architecture
• IDDFS Search
• Test on Other Behaviors
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• Running NEAR
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• Morlet Filter DSL
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• Test on Other Behaviors



Code Structure: NEAR

• Running NEAR
• Base DSL
• Morlet Filter DSL

• Visualize Runtime vs. 
Classification Performance
• Open-Ended Exploration

• Modifying Heuristic Architecture
• Different Search Algorithms
• Test on Other Behaviors



Inside code_and_data… 
dsl.ipynb: 
contains DSLs

near.ipynb: 
contains search algorithms



Potential Areas to Explore 
dsl.ipynb: 
modify DSLs

near.ipynb: 
modify search algorithms

Effect of search 
hyperparameters

Speed

Distance



Code Walk-Through

bit.ly/neurosym_tutorial



Outline of Tutorial

1. What is Neurosymbolic Programming? 
2. Deep Dive: Neurosymbolic Programming for Science 
3. Algorithmic Techniques 
4. Deep Dive (continued) 
5. Algorithmic Techniques (continued) 
6. Conclusion



Algorithmic Techniques (continued)



Recall: Searching over program structures

�x. f⇤

�x. [ ] �x. foldl x (�zy. h⇤)[ ]�x. x

𝜆𝑥.map 𝑥 𝑓2

𝜆𝑥.map 𝑥 𝑔∗

𝑤!
𝑤" 𝑤#

𝑤$

𝑤%

𝒇𝟏

𝒇𝟐

Library

How to search over combinatorial space?



Recall: Informed Search 
via Neural Relaxation Admissible Heuristic

𝑔∗

�x. f⇤

�x. [ ] �x. foldl x (�zy. h⇤)[ ]�x. x 𝜆𝑥.map 𝑥 𝑔∗

Learning Differentiable Programs with Admissible Neural Heuristics, Ameesh Shah*, Eric Zhan*, et al., NeurIPS 2020

Fill hole with NN

Train parameters

Use training loss as admissible heuristic

If a large neural network 
cannot fit this hole, then a 
neurosymbolic completion 
also cannot



Library Learning

(Based on slides by Kevin Ellis and the work in [Ellis et al. 2021] ) 

Goals Components

𝜆

https://dl.acm.org/doi/10.1145/3453483.3454080


Library Learning 

Ellis,Morales, Sable-Meyer,Solar-Lezama,Tenenbaum. NeurIPS 2018.
Ellis,Wong,Nye, ...,Solar-Lezama, Tenenbaum. 2020.



Library Learning



Library Learning



Library Learning





Library Learning



Library Learning



Library Learning

Solution rewritten in initial primitives:
(lambda ( x ) (map (lambda ( y ) ( c a r ( f o l d ( f o l d x n i l (lambda ( z u ) ( i f ( g t ? (+ y 1 ) ( l eng t h ( f o l d x

n i l (lambda ( v w) ( i f ( g t ? z v ) ( cons v w) w ) ) ) ) ) ( cons z u ) u ) ) ) n i l (lambda ( a b ) ( i f  ( n i l ?

( f o l d ( f o l d x n i l (lambda ( c d ) ( i f ( g t ? (+ y 1 ) ( l e n g t h ( f o l d x n i l (lambda ( e f ) ( i f  ( g t ? c e )

( cons e f ) f ) ) ) ) ) ( cons c d ) d ) ) ) n i l (lambda ( g h ) ( i f ( g t ? g a ) ( cons g h ) h ) ) ) )  ( cons a b )

b ) ) ) ) ) ( r ange ( l e n g t h x ) ) ) )



Library Learning

• Induced sort program found in ≤ 10min.
• Brute-force search without learned library would take ≈ 1073 years



Dreamcoder

• Wake: Solve problems by writing programs

• Sleep: Improve library and neural recognition model:

• Abstraction sleep: Improve library

• Dream sleep: Improve neural recognition model



Dreamcoder



Sleep: Abstraction Sleep: Dreaming

Wake

Library

prog prog

task

prog

task task

is



Sleep: Abstraction Sleep: Dreaming

Wake

Library
f1(X) =(+ X 1)

f2(z) =(fold cons 

(cons z nil))

· · · · · · · · ·

Task
[7 2 3]→[4 3 8]

[4 3 2]→[3 4 5]

Recognition
model

Neurally-Guided
Search

Programs for task:
(map f1 (fold f2 nil X))

· · · · · · · · ·

Library

prog prog

task

prog

task task

is



Sleep: Abstraction

Wake

Library
f1(X) =(+ X 1)

f2(z) =(fold cons 

(cons z nil))

· · · · · · · · ·

Task
[7 2 3]→[4 3 8]

[4 3 2]→[3 4 5]

Recognition
model

Neurally-Guided
Search

Programs for task:
(map f1 (fold f2 nil X))

· · · · · · · · ·

progs. for task 1:
(+ (car z) 1)

progs. for task 2:
(cons (+ 1 1))

+ 1 1

cons
+ 1

c a r z

Refactoring Algorithm:
version spaces

new Library w/ ( + x 1):

Library

prog prog

task

prog

task task

is



Sleep: Abstraction Sleep: Dreaming

Wake

Library
f1(X) =(+ X 1)

f2(z) =(fold cons 

(cons z nil))

· · · · · · · · ·

Task
[7 2 3]→[4 3 8]

[4 3 2]→[3 4 5]

Recognition
model

Neurally-Guided
Search

Programs for task:
(map f1 (fold f2 nil X))

· · · · · · · · ·

Fantasies

Library

program

sam
ple

Replays

progs. for task

program

sam
ple

task
runprogram

Loss

Train recognition model

progs. for task 1:
(+ (car z) 1)

progs. for task 2:
(cons (+ 1 1))

+ 1 1

cons
+ 1

c a r z

Refactoring Algorithm:
version spaces

new Library w/ ( + x 1):

Library

prog prog

task

prog

task task

is



Example: LOGO Graphics
Input: Corpus of target shapes that we would like to learn how to draw

Input: Basic drawing language

move ,  for, *,+, 𝜋, pen-up,… 



Learned subroutines



Language helps generation

The model is trained by sampling from the learned language
The language provides an inductive bias for generation

Initially dreams are very unstructured A richer language leads to more structured dreams



Learning the language



Other Directions



Combining algorithmic building blocks

Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓

𝜆𝑖𝑛 𝑜𝑢𝑡

Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓
𝜆𝑖𝑛 𝑜𝑢𝑡

+ [Inala et. al. ICLR 2020]

Example: 

https://openreview.net/forum?id=S1l8oANFDH


Ensuring Correctness

• Differentiable loss quantifying the extent to which the policy satisfies the requirement  
• Constructed by calls to a formal verifier from within the learning loop
• Gradients of this loss used to guide learning

Plant
model

State 𝑠)

Action 𝑎)

Reward 𝑟)
New state 𝑠)*!

Policy 𝝅

Formal
Verifier

Requirement 𝜑 Learning goal:

argmax
+∈-

𝔼.~+ Q
)

0

𝛾) 𝑟)

s. t. 𝜋 ⊨ 𝜑

Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓

𝜆𝑖𝑛 𝑜𝑢𝑡

[Yang and Chaudhuri, 2022]

https://arxiv.org/pdf/2203.07671.pdf


Interpretability
Goal

⇓
𝑖𝑛 𝑜𝑢𝑡

⇓
𝜆𝑖𝑛 𝑜𝑢𝑡

Rule1 :: random ( filter ( agents  in            ) )
𝜽

Rule-based policy

[Inala et al. Neurips 2020]

https://proceedings.neurips.cc/paper/2020/hash/9d740bd0f36aaa312c8d504e28c42163-Abstract.html


Neurosymbolic Programs

Symbolic Programs

Interpretable

Verifiable

Structured domain knowledge

Data efficient

Neural Networks

Scalable algorithms

Flexible

Handles messy data

Easy to get started



Neurosymbolic Program Synthesis

Program synthesis

Heuristic search

Solver-based search

Deductive pruning

Version spaces

Machine learning

Stochastic gradient descent

Sampling-based optimization

Variational approximations

Learning to learn



Neurosymbolic learning isn’t new…
…but it’s a good time to push on it!

• Recent progress in symbolic reasoning and deep learning

• New algorithms that can scale 

• Demand by domain experts



neurosymbolic.org

http://neurosymbolic.org/

