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Background

> Zeroth-order methods are a class of powerful
optimization tools to solve many complex machine
learning problems, whose explicit gradients are
difficult or even infeasible to access.

> Minimax optimization can effectively solve the
problems with a hierarchical structure, so it is widely
used to many machine learning applications such as
adversarial training and robust federated learning.




Background

> For example, the robust federated learning could be
defined as:

e ot { > pilen,[fi(w:€)] — X(p) }

i=1

where p; € (0, 1) denotes the proportion of i-th device in the entire model, and f;(w:§) is the
loss function on i-th device, and A > 0 is a tuning parameter, and ¥(p) is a (strongly) convex

regularization. Here Il = {p e R"™ : 3" | p; = 1, p; > 0} is a n-dimensional simplex. and €2 C R4
is a nonempty convex set.
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Accelerated Zeroth- & First-Order Momentum Methods

Zeroth-Order Gradient Estimators

min f(x) = Eeoplf (2;)].
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where © € R? is a vector generated from the uniform distribution over the unit sphere, and
/¢ is a smoothing parameter. Let f,(x;&) = Eywuy[f (24 pu; )] be a smooth approximation
of f(x:£), where Up is the uniform distribution over the d-dimensional unit Euclidean ball
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Momentum Techniques:

1) Apply on the variables

2) |Apply on the gradients
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min f(z) = Eeup[f (23 )],

IE{Y

Algorithm 1 Acc-ZOM Algorithm for Mini Optimization

1: Input: T, parameters {7, k, m, ¢} and initial input 1 € &’;

2: initialize: Draw a sample &1, and sample a vector © € R? from uniform distribution
over unit sphere, then compute vy = ﬁf (z1:&1), where the zeroth-order gradient is
estimated from (3);

3: fort=1.2.....7T do

4:  Compute 1y = W

5. if X =R? then

6: Update xip1 = o — Y10

7. else

8: Update Tty1 = Px(zr — yvt), and xes1 = x4 + e (Ter1 — ¢);
9: end if

10:  Compute apr1 = cnj?;

11: Draw a samp]e Ee+1, and qnmp]P a vector 2 e B9 fram nniform distribution aver unit
sphere, then compute|v;yy = ﬁf(."f.-'t_i_j_; Eev1) + (1 — aggq) [i_.-'t — Vﬁ'f{;_r:t; {'Hl)], where
the zeroth-order gradients are estimated from (3):

12: end for

13: Output: (for theoretical) x¢ chosen uniformly random from {x L.

14: Output: (for practical) .
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minmax f(z.y) = Es | f(z.y: &),
Texyeyf( y) = Eeop [f (2,45 6)]

Algorithm 2 Acc-ZOMDA Algorithm for Minimax Optimization

1: Input: T, parameters {~, A\, k,m, c1,c2} and initial input 1 € X and y1 € V;

2: initialize: Draw a mini-batch samples By = {¢!}2_,, and draw vectors {i; € RI1}2_,
and {@; € R%}_| from uniform distribution over unit sphere, then compute v1 =
ﬁm f(x1,y1:B1) and wy = ﬁy f(x1,y1;B1), where the zeroth-order gradients are esti-
mated from (4) and (5);

3: fort=1.2,....T do

4:  Compute 7y = W

5. if X = R% then

6: Update i1 = 21 — Yo

7. else

8: Update Z¢41 = Px(x¢ — o) and xi41 = x¢ + ne(Tir1 — 21);
9:  end if

10:  Update y14+1 = Py(ye + Awe) and yev1 = ye + ne(Ge+1 — yt);
11:  Compute vy = cl-r,rf and [i1 = f;*g-;-',rf;

12: Draw a mini-batch samples By, = {5’:"’1' b |, and draw vectors {i; € R¥}Y_, and
{1, € Rdg}?_l from uniform distribution over nunit sphere:

13 [Compute vy1 = Vo f (w11 yrs1: Brst) + (1—ag1) [vr— Ve f (70, 95 Bisn)) and wisy =
Vo f(xeet, yes1; Besr) + (1 — _.St+1)[u.-'t — Vyf(zt, ye: Bt+1)], where the zeroth-order
cradients are estimated from (4) and (5).

14: end for

15: Output: (for theoretical) x¢ and y; chosen uniformly random from {z;. v b,

16: Output: (for practical) zp and yr.
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minmax f(z.y) = Es | f(z.y: &),
Texyeyf( y) = Eeop [f (2,45 6)]

Algorithm 3 Acc-MDA Algorithm for Minimax Optimization

1: Input: T, parameters {v, A, k,m, ¢1, c2} and initial input x1 € X and y1 € V;

2: initialize: Draw a mini-batch samples By = {5}}5’21, and then compute stochastic
gradients v1 = Vo f(xz1,y1: B1) and w1 = Vy, f(x1. y1: B1):

3: fort=1.2,..., T do

4:  Compute 7y = W

5. if X =R then

6: Update xy11 = ¢ — ynpvg;

7. else

8: Update Tt11 = Px(xr — yve) and xp41 = o + ne(Tep1 — x¢);
9:  end if

10:  Update ye+1 = Py(ye + Awe) and yee1 = ye + 5e(Ye41 — ye):

11: Compute a1 = (_:1-1';3 and i1 = (:'2-;']3 :

12: | Draw a mini-batch samples Bir1 = {£7 }7_;, and then compute stochastic gradi-
ents 411 = Vaf(rei1, yea1:Bie1) + (1 — apaq) [-z.!t — Vi f(xe, ye; Bt+1)] and wy 1 =
Vyf(;_r:tﬂ. Yer1; Bep1) + (1 — Begr) ['wt - Vyf(-’l'*t~ Yt: Bt+1)]§

13: end for

14: Output: (for theoretical) x¢ and ys chosen uniformly random from {a, 3&}3:1.

15: Output: (for practical) x7 and yr.
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Convergence Properties

Table 1: Query complexity comparison of the representative non-convex zeroth-order
methods for finding an e-stationary point of the black-box mini-optimization problem
(1) and minimax-optimization problem (2), respectively. GauGE, UniGE and CooGE are
abbreviations of Gaussian, Uniform and Coordinate-Wise smoothing gradient estimators,
respectively. Here x, denotes the condition number for function f(-,y). Note that Appendix
B provides a comparison of assumptions used in the zeroth-order methods, and Appendix
C provides a detailed proof to obtain a correct query complexity of ZO-Min-Max algorithm

(Liu et al., 2019b).

Problem Algorithm Reference Estimator Batch Size Complexity
Z0-5GD Ghadimi and Lan (2013) GauGE (1) O(de )
Z0O-AdaMM Chen et al. (2019 UniGE Oe %) O(d*e 1)
Mini ZO-SVRG Ji et al. (2019) CooGE O(e %) O(de1973)
ZO-SPIDER-Coord Ji et al. (2010) CooGE O(e ") O(de ™)
SPIDER-5Z0 Fang et al. (2018) CooGE Oe ") O(de )
Ace-ZOM Ours UniGE a(1) O(d3M1e3)
Z0O-Min-Max Liu et al. (2019h) UniGE O((d1+dr>"|n;6_2"| O[{d1+d3)n;r' o)
Z0-8GDA Wang et al. (2020 GauGE O((di+da2)e?) O((di+da)rye™ &y
A0O-5GDMSA Wang et al. (2020 GauGE O((d1+d2)e .‘2} O[_{d]+d:-)h§.r’ 1|
Minimax | ZO-SREDA-Boost Xu et al. (2020a) CooGE O(max(rkye 1, di + da)rye 7) O((dy +d))h,;f s|
Ace-ZOMDA Ours UniGE (1) O((dy+da)3/ k153

min f(v) = Beoplf(2:€)],  2ipmax/(r.y) =Eevp /(. v:0)]



Convergence Properties

Table 2: Gradient complexity comparison of the representative first-order methods for

finding an e-stationary point of the minimax problem (2).

Here Y denotes the fact that

there exists a convex constraint on variable, otherwise i1s N. Note that our theoretical results
do not rely on any assumption on convex constraint sets X and )/, so it can be easily extend

to the unconstrained setting.

Algorithm Reference Constraint on =,y | Loop(s) | Batch Size Complexity
PGSVRG Rafique et al. (2018) N, N Double O(e2) O(rye?)
SGDA Lin et al. (2019) N,Y Single O(reye?) O(rye?)
SREDA Luo et al. (2020] N,Y Double O(kie?) O(ke )
SREDA-Boost Xu et al. (2020a) N, N Double O{hﬁgé_z} ?(H-gf_a)
Ace-MDA Ours Y (N),Y Single 1) (H_H;.‘H{-_ )
Acc-MDA Ours Y (N),Y Single | O(kY), v >0 O(ky” "/ e?)

minmax f(xz.1
reX yey f( Y

) = Eeop [f (7,59,
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Experimental Results

(1) Black-Box Adversarial Attack to DNNs

‘ 1 Tt , . |
min — Z; max ( fp, (z + a;) — 111#%}{ filz +a;),0), st X ={|z]e <<}
=

J7F04i




Experimental Results
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Figure 1: Experimental results of black-box adversarial attack on four datasets: MNIST,

FashionMNIST, CIFAR-10 and SVHN.




Experimental Results

(2) Data Poisoning Attack to Logistic Regression

maxmin f(x.y) = h(xz.y: D h(0.1:Dy).
nascmin £(z,y) = h(z,y; Dy) + h(0,y; D).

st. X ={[|z]ls <}, Y ={Iyll3 < Aveg}




Experimental Results
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Figure 3: Stationary gap of different methods in two-side black-box scenario, one-side black-
box scenario and transparent scenario.
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Conclusions

> 1) We proposed a class of accelerated zeroth-order and
first-order momentum methods for both mini- and
minimax-optimization.

> 2) We provided an effective convergence analysis
framework for our methods, and proved that our zeroth-
order methods obtain a low query complexity without
any large batches. Meanwhile, our first-order method

obtain a low gradient complexity without any large
batches
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