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Constrained sampling & self-concordance

» M CR?
> 7 e Z(R?), supported on M, known up to a normalising constant

Our goal: sample from 7.

Assumption: M is convex, with a self-concordant barrier ¢ (Nesterov and
Nemirovskii, 1994):

» ¢ is convex (and regular),
> ¢(z) — oo as z — OM.

Example: polytope with its logarithmic barrier.
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Traditional sampling with HMC

When M = R?
» Hamiltonian Monte Carlo (HMC) (Duane et al., 1987)
Extended target probability distribution:

d7(z, p) = dn(z)dv(p), v =N(0,14)
= d7(x, p) x exp(—H(z, p))d(z, p)

» H: Hamiltonian function
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Traditional sampling with HMC

When M = R?
» Hamiltonian Monte Carlo (HMC) (Duane et al., 1987)
Extended target probability distribution:
d7(z,p) = dw(z)dv(p), v =N(0,14)
= dii(z,p) o< exp(—H(z, p))d(z, p)

» H: Hamiltonian function

» Hamiltonian dynamics — de-coupled
& =0pH(z,p), p=—0:H(z,p).
— Explicit and involutive integrator Fj, (h : step-size)

Markov chain step: given 2° = (z°, p°), compute the proposal state
2 = F1,(2°) and apply a Metropolis-Hastings filter.

@ Reversible scheme w.r.t. 7
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Constrained sampling with RHMC

In our setting: M is a Riemmanian submanifold with metric g = D¢

» Riemannian HMC (RHMC) (Girolami and Calderhead, 2011; Lee
and Vempala, 2018; Kook et al., 2022)

Extended target probability distribution:

d7(z,p) = dn(z)dw(ylz), 7(ylz) =N(0,g(z)),
= d7(z,p) x exp(—H(z, p))d(z, p)

» H: Riemannian Hamiltonian function
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Constrained sampling with RHMC

In our setting: M is a Riemmanian submanifold with metric g = D¢

» Riemannian HMC (RHMC) (Girolami and Calderhead, 2011; Lee
and Vempala, 2018; Kook et al., 2022)

Extended target probability distribution:

d7(z,p) = dn(z)dw(ylz), 7(ylz) =N(0,g(z)),
= d7(z,p) x exp(—H(z, p))d(z, p)

» H: Riemannian Hamiltonian function
» Hamiltonian dynamics — coupled

— Implicit integrator F;, — numerical integrator &,
e Fj: several (or none) solutions — ®: no involution guarantee...

Markov chain step: given 2° = (mo,po), compute the proposal state
2 = ®,,(2°) and apply a Metropolis-Hastings filter.

@ No more reversibility w.r.t. 7
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Our contribution: Barrier-HMC

Our idea: enforce an involution condition on ®; in RHMC.

¢ “Involution Checking Step” In practice
1. Compute z' = ®,,(2%). » Easy to implement.
2. Check if ||®),(2") — 2°|| =~ 0. » | - || depends on z° and g.
3. If not, reject z'. » ~ is controlled by some 1 > 0.

(1) _ g, (20

Used with Metropolis-Hastings filter, this new scheme is reversible w.r.t. 7 !
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Conclusion

» Constrained sampling for distributions supported on convex subsets
endowed with a self-concordant barrier (including polytopes).

» Asymptotic bias fixed in practice by the “involution checking step”
in our algorithm : Barrier HMC.

» Reversibility results & numerical experiments.

Unbiased constrained sampling with Self-Concordant Barrier
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Mazxence Noble, Valentin de Bortoli, Alain Durmus

Any questions ?
Send an e-mail to maxence.noble-bourillot@polytechnique.edu.
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