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Distributionally Robust LQG Control Numerical Solution to DR-LQG
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Linear Quadratic Control

Linear dynamical system:  Xt+1 = AX: + But + w;
T—1

Quadratic cost: [Ep [ Z(Xt—r Qx; + UtTRUt) -+ XTT QXT
t=0
Imperfect state measurements: y: = Cx; + v;

Convert “max” to “min” via duality

Ep [XT Ox + uTRu] N * SDP with O(T(mp + n* + p?)) variables

Causal controllers: u; = ¢,(yo, . .., Vi)

u, x, y-player  P-player
Ambiguity set: W = W, x (X Wy,) x (x] ]

min Ep [x' Ox + u' Ru]

U7X7y

st. x=Hu+Gw, y=Cx+v, ucl,

Separation of Estimation and Control

Gaussian
with mean O

Wy = {IPXO distribution of xo with mean 0 ‘WZ(IP)XO < Iy, } (u*, x*) solves classic LQG problem under P*

independent Wy, = {]Pwt distribution of w; with mean 0 |W,(P,, < rWt} Y—O—Vv = K¢ Ep- [Xelyo, ..., yi] Vte [T—1]
= Joint distribution of (xo, {Wt}t 0 ’{V} ) with zero mean W, = {IPW distribution of v; with mean 0 |W,(P,, } Nash equilibrium A/ \A

computed computed

Assumption: [’ is an arbitrary distribution | Assumption: P is Gaussian offline (W, V) online

Optimal inputs: u; = K; Ep|x¢|yo, ..., Vi

feedback gain matrix: state estimator:|state estimator:
> independent of P » nonlinearin |» linearin Yo,---,Vt

> efficiently Yo, .- Yt »  efficiently computable via

computable via DPVe  #P-hard?) > Kalman filtering o

Structural Results
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Frank-Wolfe Algorithm 1)

(a) The primal problem is solved by a linear policy;

(b) The dual problem is solved by a Gaussian distribution;

(c) Strong duality holds. 5 <

( bt

Optimal Transport Problem

tangent space at (W, V)

i max min Ep [x' Ox+u' Ru] P-player | Step 2 LQG cost
| 5 p dF = { PEW ux moves first
Wy (P, P2) = nel%!)?’%) /H§1 — &P dm (¢4, &) st. x=Hu+Gw, Uecly "~

max (Vuf,Lyw— W)+ (Vf, Ly — V)
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Gaussian:
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Non-Gaussain: » Wa(Pq,P2) > \/tr [21 + 2, —2(22 22212)2]

U’X,U,q ]P)Gg

min  max Ep[x' Ox+u'Ru
st. x=Hu+Gw,u=Un+q, UclU

Step 2: Update iterates:
(W, V) < a- (L, L) + (1 —a) - (W, V)

Restriction to Relaxation to
linear policies 32 o Gelbrich ambiguity set

Cyclic Dependenmes

purified
> outputs <

L

’ 600 fold

max min  Ep[x' Ox+u' Ry
Step 2: adr = PEWN  u,x,U,q
st. x=Hu+4Ggw,u=Un+q, UclU
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iInputs states

Noise-free system:
% = Hu } n=y-y

Execution time (s)
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Step 3: Sion’s minimax theorem

)
min max U,q, W,
[ min, max g(U,q, W, V)
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( max min U,q, W,
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exogenous!

Restriction to
normal
distributions

] = == MQOSEK
10‘2-§ — Frank-Wolfe

2)
causal output-feedback policies = causal purified output-feedback poIiciesJ
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Time horizon
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