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Modeling contributions: 
1. The density estimation framework (DEF)
2. An economical internal construct prior

The DEF  factorizes the likelihood as

𝑝𝜃 𝜑𝑟|𝑥1:𝑇 = ∫ 𝑝A 𝜑𝑟|𝜑𝑖  d𝑝R 𝜑𝑖|𝑥1:𝑇

• Rational component 𝑝R 𝜑𝑖|𝑥1:𝑇 , e.g.: 

• Posterior of the rational model
• Economical model: expansion decay, 𝑟; count distortion, 𝛽;

 

• Aleatoric component 𝑝A 𝜑𝑟|𝜑𝑖 : structured noise model
• Leads to overall likelihood

𝑝 𝜑𝑟  | 𝑥1:𝑇 = ∫ 𝑝A 𝜑𝑟|𝜑𝑖 d𝑝R 𝜑𝑖|𝑥1:𝑇

• Noise structure: gives well defined likelihood

𝑝A 𝜑𝑟|𝜑𝑖 = ∫ 𝑝A 𝜑𝑟| ො𝜑𝑖 d𝑝A ො𝜑𝑖|𝜑𝑖

• 𝑝A ො𝜑𝑖|𝜑𝑖 : slacks on choosing 𝐾, then modifies clusters (Fig)

• when inferred # clusters is as reported, 𝐾𝑖 = 𝐾𝑟

𝑝A 𝜑𝑟| ෠𝜙𝑖 =
1

𝒮(𝐾𝑟)
෍

𝜋∈𝒮(𝐾𝑟)

Dir 𝑤; 𝜋 ො𝑛𝑖 𝒩 𝜇𝑟; 𝜋 Ƹ𝜇𝑖 , 𝑠𝜇
2𝐈 Log𝒩(𝜎; 𝜋 ො𝜎𝑘

𝑖 , 𝑠𝜎
2𝐈)

averaging over all permutations 𝒮(𝐾𝑟)

• when 𝐾𝑖 ≠ 𝐾𝑟: pA 𝜑𝑟| ෠𝜙𝑖 = 0, penalising slacks

• Humans observe samples from an unknown complex distribution and report their estimated 

distributions through parameters of Gaussian mixture models (GMMs).

• Surprisingly, humans tend to converge towards a wrong internal construct, even with more data.

• We propose the Density Estimation Framework (DEF) to capture the complex behavior in this task.

• We can explain participants’ representation of uncertainty by an economical nonparametric GMM 

under memory constraint and additional cognitive biases.
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Observations: X

Motion estimation (Kording & Wolpert, 2004)

Reinforcement learning (Gershman et al., 2010)

Movement planning (Zhang et al., 2015)

Value-based decision (Whiteley & Sahani, 2008)

and many more...

V1 activity (Orban et al., 2016)

Notable previous work probed for 
uncertainty representation indirectly

             

             

           

This study: direct report 

of perceived distribution
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Problem formulation
• Interpretable model 𝑝
• Likelihood fitting and critique Key notations

𝑥𝑡 ∈ ℝ:  sample at time 𝑡
𝑧𝑡 ∈ ℕ+:  the cluster identity for sample
𝑛𝑘 = σ𝜏 𝕀[𝑧𝜏 = 𝑘] :  # samples in cluster 𝑘
𝐾:  reported number of clusters
𝜑:  sufficient statistics of all clusters
𝜑𝑟, 𝜑𝑖: reported, inferred 

ℒ 𝜃 ≔ 𝔼data log 𝑝𝜃 𝜑𝑟 | 𝑥1:𝑇

Rational model: non-param GMM [Anderson, 1991, Sanborn et al., 2010]

• Cluster means and variances specified by sufficient statistics 𝜑

• A rational prior for generating internal constructs: 

            cluster prior 𝑝 𝑧𝑡+1 𝜑𝑡 a likelihood 𝑝(𝑥𝑡+1|𝜑𝑡 , 𝑧𝑡+1)

• Particle 𝑧𝑡+1 ~ 𝑝 𝑧𝑡+1 𝑥𝑡+1, 𝜑𝑡 ∝ 𝑝 𝑧𝑡+1 𝜑𝑡 𝑝 𝑥𝑡+1 𝑧𝑡+1, 𝜑𝑡

• Key parameters: prior sd 𝜎0 and mean 𝜇0 with “confidence” 𝑎0, 𝜆0

• But, it cannot capture reported K

• It has infinite capacity, while human memory is finite

• Performs suboptimal inference on an optimal model

AIC = −2ℒ 𝜃∗ +
2

𝑚
log 𝜃∗

𝜃∗ = max
𝜃

ℒ 𝜃

• GPU-friendly array implementation
Example implementation of sampling 𝑧𝑡 given 𝑧1:𝑡−1 for 𝑡 = 6 and 𝐾max = 4

Logits
2 3 𝛼𝑡 0
5 𝛼𝑡 0 0
3 1 1 𝛼𝑡

⋯ ⋯ ⋯ ⋯

OneHot 𝑧𝑖

0 1 0 0
1 0 0 0
0 0 0 1
⋯ ⋯ ⋯ ⋯

Counts, 𝑛𝑘
𝑖

2 3 0 0
5 0 0 0
3 1 1 0
⋯ ⋯ ⋯ ⋯p
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4. Modeling Results

1. The economical prior fits best in all 3 Experiments

3. Reflects the construction bias

4. Survives extensive model ablation tests
Experiment 1 Experiment 2 Experiment 3

Large array operations can be accelerated using PyTorch with CUDA enabled
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2. Main behavioral results: participants can’t learn the true number of clusters

Improved representation of the predictive density

Inconsistency of the inferred structure

Example trials

Scale- and modality-invariance
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2. Captures human behavior
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