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Agenda

Part |: Intro to Regression-Adjusted Control Variates (RACV)

What is a RACV-based algorithm? How to interpret it as an estimator?

Applications in various fields (numerical analysis - quadrature rule, trace
estimation; statistics - causal inference; machine learning - gradient estimation)

Part Il: Information Theoretic Lower Bound

Recap of non-parametric statistics - what is minimax optimality?
Information Theoretic Lower Bound for Quadrature Rules
Part I1l: Minimax Optimal Upper Bound

Claim: use different algorithms for functions of varying degrees of smoothness

Proof Sketch: Use Sobolev Embedding Theorem appropriately




Quadrature Rule

Estimate Epf




Quadrature Rule

Estimate Epf ~ [Epf
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Quadrature Rule via Monte Carlo

Estimate Epf~ Epf




Key Idea: Doubly Robust Estimation

Estimate Epf = [Epf
~ Epf

xy =xy+x(y — )
=Xy + y(x — X)

xy = fy +3x — 29 +(v - D - D |

Smaller error




Quadrature Rule

|

; Debiasing

Estimate Epf = [EPfA-N-[[Epgcf—fA)]

Sample extra data to knowf—f




Quadrature Rule

Estimate [EPf=| +[EP(f_f) '/ Debiasing
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/ Sample extra data to know f — f
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Modern Applications of RACV

Numerical Analysis: estimating the trace of a matrix

Task: given matrix A € R?*? and an oracle for computing matrix-vector

multiplication (at most m queries), estimate tr(A)

Naive Monte Carlo Algorithm (Hutch): appropriately sampled X € REGE
1 m
tr(A) ~ = Y x! Ax; = tr(XT AX)
mis
RACV-based Algorithm: appropriately sampled orthonormal matrices @, G € R9*3
E=t(QTAQ), E2=tr(G'(/ - QQRNA( - QQRT)G)

Estimator E; + E; ~ tr(A) (Hutch++)
(Lin 2017; Mewyer-Musco-Musco-Woodruff 2020)




Modern Applications of RACV

Machine Learning: estimation of gradient

Task: estimate the gradient Velqu [f( H =Eq[f(x)Velogge(x)] via {xi}7 4
Naive Monte-Carlo estimator: = Z, 1 T(xi) Ve log go(x;i)

L eave-one-out estimator:

1 i (f(x,-) )Ve log go (x;)

n
i=1 J;éf

RACV-enhanced leave-one-out estimator: E1 + E»

Elzﬁz((f(xn—b(x,-n— T Y (Fly) — blx)) ) Ve log golx)
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(Shi-Zhou-Hwang-Titsias-Mackey 2022)




Modern Applications of RACV

Other applications include:

Conformal Prediction (Romano-Patterson-Candes 2019)

Causal Inference (Jordan-Wang-Zhou 2022;
Angelopoulos-Bates-Fannjiang-Jordan-Zrnic 2023)

Unifying Framework

Step |: Get a "coarse" estimator via a subset of the data

Step Il: Obtain a "finer" estimator via calibration on the remaining dataset
(estimating the bias)




Machine Learning Research

Aim: fit function (x;, y; =@xi)), 1= 1,2,---.n
Specify problem set, i.e. the space of f

Information Theory Step 1 |nf0rmatlon-TheOretlca| LOWGI’ BOUﬂd

o Step 2 Statistical guarantee for the estimator
= “Mini[;ax| Optimal” Algorithms

Best Estimator
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Why we have a lower bound?

For all estimator H : (data)®" — function, we have

sup Eqata Al H(datay, -+, data,) — f]| 2 pfae
fex




Why we have a lower bound?

For all estimator H : (data)®" — function, we have
sup Ejata,AlH(datay, -+, data,) — fI| > n'™

fes

Using information theory

1. Generate similar data (in TV, KL..
2.frand f2 have a

The gap is not distinguishable

>




Understanding this statistically...

Is this algorithm statistical optimal?
. Y4
3 When this improves MC estimator?

Estimate Epf

Step1 | Using half of the data to estimate f

step2| Epf=Epf)+ELf—])]

Low order term
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Understanding this statistically...

Is this algorithm statistical optimal? Why consider g—th moment?
o7
3 When this improves MC estimator?

Estimate Epf  Epfi.f€ W

step1 Using half of the data to estimate f

sten2| Epf=Ep(f) +EAf=]))

Low order term




Setting the information theoretical limit

Smoothness s

] '! A single spike

Minimax rate




Setting the information theoretical limit

Smoothness s

de of the bump

] '@ A single spike

Minimax rate




Setting the information theoretical limit

Smoothness s

arlo Hardness

] 'L A single spike

Minimax rate




Understanding the hardness in this regime

T~

{-1,+1}




Understanding the hardness In this regime

®- Sample without replacement
How many boxes have guadrature points?




Setting the information theoretical limit

Smoothness s

] '! A single spike

Minimax rate




Setting the information theoretical limit

Smoothness s

] '@ A single spike

Minimax rate




Rare Event and Smoothness...

YI Yy Rare and extreme event
X | l
(a) (b)




When the control variate helps

Smoothness s

Truncate Monte Carlo

Minimax rate




When the control variate helps

Smoothn

SS S

“no rare event’

Truncate Monte Carlo >d Control Variate

Minimax rate




When the control variate helps

Smoothness s

“no rare event”
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When the control variate helps

Smoothness s
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When the control variate helps

Smoothness s
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When the control variate helps

Smoothness s

“no rare event”

bias-variance

:.1.7.2. IIIIIIIIIIIIIIIIIIII trade-oﬁ
(sobolev embedding)

Truncate Monte Carlo

Regression-adjusied Control Variate

Minimax rate




When the control variate helps

Smoothness s

: finite varlapce ' “no rare event’
Rare event .
* e Why there is a transition point
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Technical Tools

Sobolev Embedding Theorem (simplified version)

Fix s, t € Ng and p, g € R satisfying s > t, p<d and 1 < p < g < oo, then we have:
(1) Inclusion between Sobolev spaces: 3= % - L= WsP(RY) < WHT9(IRY)

p
(I1) Special case when t = 0: %— Z< = WsP(RY) < L9(RY)

Q| \




Semi-parametric efficiency...

Example Monte Carlo Estimate i=pf~ Epf%.f € W'

Step1 Using half of the data to estimate j/8

steo2 | Epf= Ep(f) + EJ/~ )]

Low order term

"= P+ = H7]

“influnce function” (gradient) Error propagation




Semi-parametric efficiency...

Example Monte Carlo Estimate i=pf~ Epf?.f € W'

Step 1 Using half of the data to estimate f

step2| Epf= Ep(f) + EJSZ )]

Low order term

[fq_l f_]?)]+ (f_f)q How to select the sobolev

“influ function” (gradienh\ emebedding

Embed /4~ andf—f into “dual” space




Tricky part of the Proof:select embedding

Easiest Sobolev
embedding for estimation

Smoothness s

pd : 2pg —2p :
T o« [ Embed to L™®
Srbedin sz* : ] : CVin 1.2 Select Sobolev embedding
CVinLr+2-24 | IV i

_______________________________________ Choose an embedding both good for evaluating the | |
semi-parametric hardness and function estimation

Truncate Monte Carlo

Regression—adiusfed Control Variate

Minimax rate

f171¢f = J) dominates



Tricky part of the Proof:select embedding

Largest possible

Truncate Monte Carlo

Minimax rate

Sobolev embedding
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Take home message

a) Statistical optimal regression is the optimal control variate
b) It helps only if there isn't a hard to simulate (infinite variance)
Rare and extreme event

g control the extremeness
Rare and extreme event

(a)
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Thank You all for Listening! Questions?’
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