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Black-box optimization problem

reX

yey

> No explicit formulation of f. » (perturbed) function values are
> Gradient is not available. (generally) available.
GOAL

x* € argmin f(z)
reX
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Black-box Optimization

Bayesian Optimization Finite-Differences

Evolutionary Strategies Direct Search
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Finite-difference methods

Gradient Descent

Tp1 =z — VeV (k)

gr(zr) = V f(xr)
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Zeroth-order "Descent"

Thtl = Tk — 'Ykgk(mk)




Gradient Surrogate

d 5 fz+ ') 2—hf<x —ho) )

» Directions.
» Number of directions.
» Discretization parameter.
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Random Directions Structured Directions
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Random vs Structured approximations

Rinc?m ITlrectlons Structured Directions
|.mp €. o > Better exploration than random
» Higher number of directions than methods.
structured methods to achieve similar
gradient accuracy Berahas et al. (2022).

» Many applications e.g, Cai et al. (2021);
Salimans et al. (2017); Mania et al.
(2018)

> Analysis is very limited e.g, no
non-smooth analysis.

> Actually, few applications e.g,
Choromanski et al. (2018).

Goal: non-smooth analysis for structured finite-difference method.
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Non-smooth Setting

fn(x) = Eyepalf(x + hu)]

101 — f(x)=|x|

fn(x) = Eplfix + hp)]
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Smoothing

Let
fu(z) = Ey[f (z + hu)]

» £, is differentiable (Bertsekas, 1973).
if f is L-Lipschitz continuous, f, is smooth!
» if f convex and L-Lipschitz,

v

(Ve eR?)  f(z) < falz) < f(x) + Lh
» if f convex and L-smooth,

(e Rl (@) < fulo) < flo) + 0
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Smoothing Lemma for Structured Surrogates

Define fi(z) := E,cp«[f(z + hu)]. Then, for every G € O(d), define

Gei .

4
o) = % Z f(z+ hGe;) — f(x — hGe;)

2h

Then,
Eclg(z)] = V fn(2).
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Algorithm

Fork=1,---,

sample Gifrom O(d)

Gre;

d flar + hiGres) — f(rr — hiGre;)
Tht1 = Tk — %Z Z
i1

2,
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Main Results

In convex Lipschitz non-smooth setting

Ef (@) - f(a") < \/%CE + (%)

Complexity in function evaluations is O(ds=?)

UniGe | MakGa



Main Results

In non-convex non-smooth Lipschitz setting

k
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Complexity in function evaluations is O(dv/dh~'e~2)
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Main Results

Convex Setting

Elf(zr) — f(z")] <

Complexity in function evaluations is O(de~1).

~
=

Non-convex setting

let A == (% - #a) with oy, < & < ¢/(2dL)

£ _ [flao) —minf  Cid®h?

Coah*d?

k
_ZO('Yi]E[||Vf($i)||2])
k [ Aa A
>V
=0
Complexity in function evaluations is O(ds~1) with h = O(1/d).
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Numerical Experiments

Total Variation Elastic Net Sparse Group Lasso
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function evaluations

function evaluations

function evaluations



Conclusions

» Smoothing Lemma for structured surrogates.
> Analysis in non-smooth convex setting.

» Analysis in non-smooth non-convex setting.
> Analysis in smooth setting.

» Numerical experiments.
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Thank you for your Attention! :)
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Approximating the gradient

Vf(x) = lim flz+ hei) - f(z)

L~ h—0 h
=1

Problem: we cannot compute the lim.
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UniGe

Approximating the gradient

Fixan h > 0,

d
Vf(x)~ Z f(x+ he;) — f(l')ei_

Problem: it can be expensive to evaluate.
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Approximating the gradient

Fixanh >0and 0 < ¢ < d,

¢

Problem: some directions will be never explored.
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Approximating the gradient

X1



UniGe

Approximating the gradient

Fixanh > 0,0 < ¢ < dand let (p)!_, be random directions,

¢ i
V() ~ Z [+ hp(h)) - f(x)p(o'
1=1

Problem: no control on the directions.
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Approximating the gradient

Q
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Approximating the gradient

Fixanh > 0,0 < ¢ < dand let (p')!_, be random orthogonal directions,

e b DY — f(2)
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Approximating the gradient
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Approximating the gradient

4 (4)

x+h — f(x) ¢

Th+1 = Tk — Vk E A M};’; il )p,(c)
i=1 '



Time-cost comparison

Computational Time to generate matrices

—e— random Gaussian
—e— random spherical
—e— Householder

2 4 8 16 32 64 128 256 512 1024 2048

UniGe | Mo;g?a d



Computational Cost of Orthogonal matrices

CPU Comparison: Convex Smooth Settin ) )
p g CPU Comparison: Convex Non-Smooth Setting
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0.600 0.602 0.604 0.606 0.608 0.610 0.612
Cumulative time (s)

0.000 0.002 0.004 0.006 0.008
Cumulative time (s)

0.010

0.012
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