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Contributions:

1. LLM benchmark with challenging math/physics problems with numerical, symbolic, and proof-like answers
2. introduce a rubric-based eval approach that uses GPT-4 to score intermediate reasoning steps
5. nhovel framework for classifying reasoning errors made by Llls

1. Hard LLM benchmark

e 1300 problems in multiple areas, 25% in math and physics
e Current models score badly!
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2. Rubric-based auto-evaluation

e Example problem: Given a classical model of the tritium atom with
a nucleus of charge +1 and a single electron in a circular orbit
of radius ry, suddenly the nucleus emits a negatron and changes to
charge +2. (The emitted negatron escapes rapidly and we can forget
about it.) The electron in orbit suddenly has a new situation.
Find the ratio of the electron's energy after to before the
emission of the negatron (taking the zero of energy, as usual, to
be for zero kinetic energy at infinite distance).

e Diverse coverage:

Electromagnetism (23%)
Quantum Mechanics (17%)
Statistical Physics (14%)
Newtonian Mechanics (14%)
Optics (10%)

Special Relativity (8%)

Solid State Physics (6%)
Other (1%)

Calculus and Real Analysis (31%)
Algebra and Number Theory (20%)
Geometry (20%)

Probability (15%)

Complex Analysis (7%)

Linear Algebra (7%)

Table 7: Example model generated rubric and evaluation. Evaluation with a rubric reveals that the

® P ro b 1 em: S e 1 f -evVva 1 Uua t 10N model begins with the model makes partial progress, but is unable to arrive at the correct final answer.

with LLMs is unreliable

Problem Find the maximum area of all triangles that can be inscribed in an ellipse with semiaxes a
Statement  and b, and describe the triangles that have maximum area.

® Proposal: Multi-step

Using the parameterization

x=acost,y = bsint,

FUbr i C- based grad i ng a triple of points on the ellipse is given by

o 1. Get LLM-generated solution
o0 2. Generate rubric
from reference solution

(acost;,bsint;), i=1,2,3.

So the area of an inscribed triangle is given by

1 cost; sint,
1 costy sints
1 cost; sintj

1 acost, bsint,
1 acosty bsints
1 acost; bsints

which is ab times the area of a triangle inscribed in the unit circle. In the case of the circle,

© 3. Grade with GPT-4, Gl e gl e gy T e e S
following the rubric S o) = (1+VI-u?).

e Example of the procedure: =>

Using elementary calculus one finds that the maximum of g on the interval 0 < w <
1 occurs at w = /3/2, corresponding to an equilateral triangle, and equals 3v/3/4.
Alternatively, fixing one side of the triangle as the basis, we easily see that among all the
inscribed triangles the one with the greatest area is isosceles because of the maximum
height, showing that the angle at the basis is the same. Fixing another side we see that the
triangle is indeed equilateral. Hence, the area is maximal when

27 27
to =1 —and t; =1t —
2 1+3an 3 2+3

that is, when the corresponding triangle inscribed in the unit circle is regular.
For the ellipse with semiaxes a, b, this corresponds to an inscribed triangle with maximum

area equals 3ab\/3/4.

® Results: surprisingly large
correlation with human graders!

Physics Symbolic  Math Symbolic  Proof-like

Human eval score 5.00 3.13 2.65 Model
Model eval score 5.05 3.37 3.8 Ceorsited
Correlation 0.91 0.78 0.82

3. Error analysis (GPT-4)

» Parameterize the ellipse using z = a cost,y = bsint (2 points).
* Write the expression for the area of an inscribed triangle using the determinant

formula (2 points):

1 cost; sint;
1 costy sinty
1 costs sintj

ab

(1)

* Connect the problem to the maximum area of an inscribed triangle in the unit

circle (2 points).

* Correctly identify that the maximum area occurs when the inscribed triangle is

equilateral (2 points).

* Find the maximum area of an inscribed triangle in the ellipse, and provide the

correct answer (2 points):

3abV/3

1 (2)

Table 3: Mistakes on mathematics and physics problems in ARB, GPT-4.

Misread Wrong Logical error Arithmetic Correct Correct .
problem approach or hallucination mistake answer reasoning arb.duckai.or g
Math Numerical 0% 25% 88% 48% 3% 3%
Math Symbolic 16% 50% 29% 4% 16% 16% .
Math Proof-like 5% 50% 2% 16% n/a 5%
Physics Numerical 0% 80% 53% 6% 6% 6%
Physics Symbolic 0% 37% 68% 31% 28% 12%

To maximize the area of the inscribed triangle, we can use the following approach:

1. Parameterize the ellipse: The equation of an ellipse with semiaxes a and b is given
by 212' + H; = 1. We can parameterize the ellipse using the parameter ¢ as follows:
z= acoszt) and y = bsin(t), where 0 <t < 27.

2: Determine the vertices of the triangle: Let A(acos(t,),bsin(ty)),
B(acos(t2),bsin(t2)), and C(acos(t3),bsin(t3)) be the vertices of the inscribed
triangle, where 0 < t;,5,t3 < 27.

3. Calculate the area of the triangle: Using the Shoelace Theorem, the area of the triangle
is given by:

3 3
1
Area = 5 ;-’Ez‘yi+l — ;-’Ei+l?h‘

where (1,'4, y4) = ($1, yl)
Substituting the parameterized coordinates, we get:

1
Area = 5 la® cos(t;) sin(t2) + a” cos(t) sin(t3)
+a® cos(t3) sin(t1) — a® cos(t2) sin(t1) — a® cos(t3) sin(t2) — a” cos(t1) sin(t3)|
Simplifying the expression, we get:
2

Area = %I cos(t1) sin(t2) — cos(t2) sin(t1)+

Model cos(t2) sin(t3) — cos(t3) sin(t2) + cos(t3) sin(t1) — cos(t1) sin(t3)|

Response
Using the sine difference identity, sin(A — B) = sin(A) cos(B) — cos(A) sin(B), we can
rewrite the area as:
a2
Area = 5 |sin(¢; — t3) + sin(ty — t3) + sin(t3 — t1)]
4. Maximize the area: Notice that the maximum value of each sine term is 1, and this
occurs when the angles ¢, ¢,, t3 are equally spaced around the ellipse, i.e., when the
triangle is equilateral. In this case, the area becomes:
a? 3a?
ea= - 1+1+1] 5
5. Relate the maximum area to the semiaxes: Since the triangle is equilateral, the ratio of
the area of the triangle to the area of the ellipse is constant. The area of the ellipse is given
by mab. Thus, we can write:
Areamax . 3_;3'
wab  mab
Solving for the maximum area, we get:
3a? 3ma3b
A.reamax = T ® Wab = 2
Thus, the maximum area of an inscribed triangle in an ellipse with semiaxes a and b is
@, and the triangles with maximum area are equilateral.
ANSWER: 37’
1. The student parameterized the ellipse correctly using z = a cos(t) and y = bsin(t). (2
points)
2. The student used the Shoelace Theorem to find the area of the triangle, but did not use
the determinant formula as specified in the rubric. (0 points)
Rubric 3. The student did not explicitly connect the problem to the maximum area of an inscribed

Based triangle in the unit circle. (0 points)

Evaluation 4. The student correctly identified that the maximum area occurs when the inscribed
triangle is equilateral. (2 points)
5. The student found the maximum area of the inscribed triangle in the ellipse, but their
answer is incorrect. The correct answer is %ﬁ, not 3"T“3b. (0 points)
Rubric Score: 4 points
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