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Convex Optimization

)r(réi)r} f(x) (1)

Method: Gradient Descent, Frank-Wolfe method, Nesterov’s
accelerated method, Heavy Ball ... etc.
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Convex Optimization

)r(réi)r} f(x) (1)

Method: Gradient Descent, Frank-Wolfe method, Nesterov’s
accelerated method, Heavy Ball ... etc.

L-smooth convex problems minyc x f(x).

@ : Nesterov’s accelerated method: O(%).

L-smooth and y-strongly convex problems minycx f(x). Denote « := ﬁ

@ : Nesterov’s accelerated method: O(exp(—%)).
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Online learning (minimizing regret)

Online learning protocol:
1: fort=1to T do
2:  Play w; according to OnlineAlgorithm® (¢1(wy), ..., £i—1(Wi—1)).
3:  Receive loss function ¢;(-) and suffer loss ¢;(w;).
4: end for

Regret? := -0 f(wi) — Sy e(w").
convex loss functions {£:(:)}/_,.

R tr
0 "t _ o( 1),

-

strongly convex loss functions {¢:(:)}_,.

R Y log T
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New perspective: A two-player zero-sum game

A zero-sum game (Fenchel game)

9(x,y) = (x,¥) — f*(y).

. def . Fenchel _ .
V= = —f* = f(x).
minmax g(x,y) = minmax(xy) - *(y) min f(x)
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New perspective: A two-player zero-sum game

A zero-sum game (Fenchel game)

9(x,y) = (x,¥) — f*(y).

. def . Fenchel _ .
V= = —f* = f(x).
minmax g(x,y) = minmax(xy) - *(y) min f(x)

Equivalent to solving the underlying optimization problem!

If (X, ) is an e-equilibrium of the game, then

f(x) < mxin f(x) +e.
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Meta algorithm for Fenchel-game

Algorithm 0 Meta Algorithm

1: Given a sequence of weights {a;}.
2: fort=1,2,..., T do

3: yt := OnlineAlgorithm” (g9(x1,-), ..., 9(x_1, -).
4. Xt 1= OnlineAlgoritth(g('ay1 )7 oo ag('7yt71 )a Q(»}’t))
5: y-player's loss function: a:4;(y) := a:(F*(y) — (X1, ¥)).
6: x-player's loss function: athi(x) := a:({x, y:) — F*(¥1))-
7. end for ., .,
8: Output (X7,y7) = (ZSi\TaSXS, ZS:)\Tasys>.
Let x* = arg miny f(x).
a-REGY = ZZ—:'I Oétgt(}/t) — minyey ZIT:‘I atft(y) (2)
T T
a-REG* = Za,ht(xt) = Zatht(x*) (3)
t=1 t=1
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Meta algorithm for Fenchel-game

Algorithm 0 Meta Algorithm

1: Given a sequence of weights {«a;}.
2. fort=1,2,..., T do
3: ¥t := OnlineAlgorithmY (g(x1,-), ..., 9(X—1, ")

4: x; = OnlineAlgorithm®(g(-, 1), ..., 9(-, ¥t-1), 9(:, ¥1))-
5: y-player's loss function: a:4;(y) := a:(F*(y) — (X1, ¥))-
6: x-player's loss function: a:hi(x) := a:((X, y1) — F*(11))-
7: end for . ;

8: Output (X7, y7) := (Zsj‘rasxs, Zsjf““).

Define the weighted average regret a-REG := "“j‘—TEG, Ar = Zt; at.

. kv A -R X _REGY
Theorem: f(Xr) < miny f(x) + @558 4 @786, J
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Nesterov’s 1983 accelerated method

(Unconstrained Optimization: minycgn f(x)))

Algorithm 1 Nesterov’s method from the Meta Algorithm
1: Given the sequence of weights {«a; = t}.
2: fort=1,2,..., T do
3:  y-player plays Optimistic-FTL.
Yo = VI(X) = argminycy, 3075 asls(y) + mi(y),
where my(y) = asli_1(y) and  Xi = & (X1 + Do ] asXs) -
x-player plays Gradient Descent .
Xt = Xt—1 — et Vh(X) = Xe—1 — eyt = Xe—1 — 1w VI(xy).

end for ; ;
: Output (X7, y7) := (Zs:)‘rasxs’ ZS:ATO‘SYS).

N ar

Xis1 = Xt — 2r VI(Xte1) + (53) (Rt — Xe-1).
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Other accelerated variants

(Constrained Optimization: minycx f(x)))

Algorithm 2 Nesterov's method from the Meta Algorithm

1: Given the sequence of weights {a; = t}.
2: fort=1,2,..., T do

3:

No 9k

y-player plays Optimistic-FTL.

Y 4= VI(x) = argmingcy, 307 asts(y) + me(y).

where my(y) = asli_1(y) and  Xi = & (X1 + D6 ] asXs) -
(A) x-player plays Mirror Descent.

Xy = argmin, e ve(X, aryr) + Vi, (X).

Or, (B) x-player plays Be-The-Regularized-Leader .

Xt = argmin, . S5, Os(x, asys) + LR(x),

8: end for . .
9: Output (%7, Jr) = (Zegocte, Tupoae),

Ar Ar

(A) Nesterov’s 1988 (1-memory) and (B) Nesterov’s 2005 (oco-memory)
accelerated method
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Heavy Ball method

(Unconstrained Optimization: minycgn f(X)))

Algorithm 3 Heavy Ball from the Meta Algorithm
1: Given the sequence of weights {a; = t}.
2: fort=1,2,..., T do
3:  y-player plays FTL .
t—1
yi e VH(Xi1) = argmin,, YU asls(y) Xioq = Zaos
x-player plays Gradient Descent .
Xt = Xt—1 — 11t V(X)) = Xt—1 — ey = Xe—1 — 11 VF(Xy).
end for

v, = T QsXs T_ QsYs
Output (X7, y7) = (Zﬁ\r X ZSj\T Y )

NoaR

= Xp_q — Lrvf(x, 1)+ (5552)(Xi—1 — Xi—2). (Heavy ball)

tat

X = X1 — LEVA(X) + (5252)(X—1 — Xi—2). (Nesterov's alg.)
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Analysis: L-smooth convex optimization problems

y-player plays Optimistic-FTL

yi «+ Vi(x;) = arg min,cy, 2’5;11 asls(y) + aili—1(y)

T . T T Lo?
a-REGY =30,y anle(y1) — min 3 alt(y) < Xops X1 — Xl

x-player plays MirrorDescent

Xt = argmin, . 7{(VF(Xt), X) + Vi, (X)

T T T
a-REG™ 1= 3oy arhy(xe) = 2oy auhe(x*) < 2 =370y g llXe—1 —xil|?.

where D is a constant such that V, (x*) < D for all ¢.

4

f(xr) — )r(r;i)rgf(x) < ALT <7DT + S (FL= 1% =1 — Xt||2> = O(%)

as long as ~; satisfying & <1< ﬁ for some constant C > 4.
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Thank you!

Other instances of the meta-algorithm

@ Accelerated linear rate of Nesterov’'s method for
strongly convex and smooth problems

@ Accelerated Proximal Method
@ Accelerated Frank-Wolfe

Come to our poster #156!
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