Efficient Online Portfolio with
Logarithmic Regret

Haipeng Luo (USC)
Chen-Yu Wei (USC)
Kai Zheng (Peking University)



Online Portfolio

Wealth,



Online Portfolio




Online Portfolio




Online Portfolio

To < | o7 o7wealth,
' = = ~
x-1.0—
3 I o T o 3
Wealth,

0.2Wealth,

/
N

0.1Wealth,

\ 4

T
r
@)
L J
=
Ul
1
o
@)
L




Online Portfolio

Wealth,

0.2Wealth,

/
N

D
U

\ 4

.7Wealth,

-(

3

Wealth;
0.1Wealth, = (0.7 + 0.3 + 0.1)Wealth,
= 1.1Wealth,



X¢ (decision)

=

/
N

\ 4

D
U

Online Portfolio

.7Wealth,

-‘

3

Wealth;

0.1Wealth, = (0.7 + 0.3 + 0.1)Wealth,
= 1.1Wealth,



Online Portfolio

Xt (decision)

=

.7Wealth,

———— 0.1Wealth,
— (. O -

Tt (price relative)

-‘

3

Wealth;

= (0.7 + 0.3 + 0.1) Wealth,

= 1.1Wealth,



Online Portfolio

X¢ (decision)

=

.7Wealth,

— -~
1o N
Wealth;
— O.1Wealtht = (07 + 0.3 + 0.1)Wealtht
4. O _ = 1.1Wealth,

_ _ = (x;, 1:)Wealth,
Tt (price relative)



Online Portfolio

=]
Ho]
= <
jf0j> $ <
L=
Lo

g o e e T periods

6,
uflsul
51 g0 A

5



Online Portfolio

=]

Ho]
= <
jf0j> $ <
=l

Lo

44 W,
= (xq, )W,

g o e e T periods

6,
suflsel
Bl EM Al

B



Online Portfolio

g o e e T periods

=]

Ho]
= <
jf0j> $ <
=l

Lo

4 W, W5
= (x, )W, = (x2, 1) W,

6,
suflsel
Bl E‘J Al

B



Online Portfolio

— =§| — =
Jo| Uo] o] o]
$ _lm ?&I f%& _lm g e e o T periods
— =§| = =
{o] Hol gJiol] o]
Wy W, W3

= (x, )W, = (x2, 1) W,

T
Final wealth — Wy
= (X¢, 1)
1 t=1

Initial wealth ———» W/




Online Portfolio

Gain: Wre _ [ (xe.rs)




Online Portfolio

T

. ”T 1
Gain: s g | |<33t;7"t>
Vi

* T

W,
Benchmark: —LtL = max [[(u, )
1 UEANtzl




Online Portfolio

T

- W
Galin: s g (x4, 74)
L

* T

W
Benchmark: —LtL = max [[(u, )
1 UEANtzl

W T
Minimize In (W?l) => 4(z) =) (u) (Regret) |l(z)=In !
+1 —




Online Portfolio

W T
Gain: T+ _ T (x4, 7y

m £[1< )

Wi ! ; P ———
Benchmark: T+1 _ max (u, 7¢) Online Convex Optimization [Zinkevich’03]

1 uEA N i

W T
Minimize In (W?l) => 4(z) =) (u) (Regret) |l(z)=In !
+1 —




Online Portfolio

T

- W4
Gain: = Tt re
Wi t=1< )
Wi ! ; VTS ———
Benchmark: T+1 _ ax (u, 7¢) Online Convex Optimization [Zinkevich’03]
1 uEA N P But with possibly unbounded gradient

’r' s
172,30l < G 2 max—2
L] rt’j

Maximum Relative Ratio

W T T 1
Minimize m( T+1) => 4(z) =) (u) (Regret) |l(z)=In
Wri =1 =1




Previous Results and Our Results

« Lower bound: Q(N log T) N: number of stocks
T: number of rounds



Previous Results and Our Results

« Lower bound: Q(N log T) N: number of stocks
T: number of rounds

G: maximum relative ratio

Time (fround)

Universal Portfolio Nlos T T14 N4
(Cover 1991, Kalai et al. 2002) 5

« Upper bounds:



Previous Results and Our Results

« Lower bound: Q(N log T) N: number of stocks
T: number of rounds

G: maximum relative ratio

Time (fround)

Universal Portfolio Nlos T 74
(Cover 1991, Kalai et al. 2002) 5

« Upper bounds:



Previous Results and Our Results

« Lower bound: Q(N log T) N: number of stocks
T: number of rounds

G: maximum relative ratio

Time (fround)

Universal Portfolio .
(Cover 1991, Kalai et al. 2002) N log T N

ONS (Hazan et al. 2007) GN log T N3-S

« Upper bounds:



Previous Results and Our Results

« Lower bound: Q(N log T) N: number of stocks
T: number of rounds

* Upper bounds: G: maximum relative ratio

Universal Portfolio .
(Cover 1991, Kalai et al. 2002) N log T N

ONS (Hazan et al. 2007) @V log T N3-S



Previous Results and Our Results

« Lower bound: Q(N log T) N: number of stocks
T: number of rounds

* Upper bounds: G: maximum relative ratio

Universal Portfolio q
(Cover 1991, Kalai et al. 2002) N log T N
ONS (Hazan et al. 2007) @V log T N3

Soft-Bayes (Orseau et al. 2017) . /TN N



Previous Results and Our Results

« Lower bound: Q(N log T) N: number of stocks
T: number of rounds

* Upper bounds: G: maximum relative ratio

Universal Portfolio q
(Cover 1991, Kalai et al. 2002) N log T N
ONS (Hazan et al. 2007) @V log T N3

Soft-Bayes (Orseau et al. 2017) @ N



Previous Results and Our Results

« Lower bound: Q(N log T) N: number of stocks
T: number of rounds

* Upper bounds: G: maximum relative ratio

Universal Portfolio q
(Cover 1991, Kalai et al. 2002) N log T N
ONS (Hazan et al. 2007) @V log T N3
Soft-Bayes (Orseau et al. 2017) @ N

? ~ NlogT ~ N



Previous Results and Our Results

« Lower bound: Q(N log T) N: number of stocks
T: number of rounds

* Upper bounds: G: maximum relative ratio

Universal Portfolio q
(Cover 1991, Kalai et al. 2002) N log T N
ONS (Hazan et al. 2007) @V log T N3
Soft-Bayes (Orseau et al. 2017) @ N
& ~ Nlog T ~

BarrONS (this work) NZ%(log T)* TN 25



Key Components of Our Algorithm

Main Challenge:

EfoN
suddenly good
But player puts little weight on it



Key Components of Our Algorithm

Main Challenge:

suddenly good
But player puts little weight on it

Barrons (Barrier-Regularized-ONS) compared to ONS:



Key Components of Our Algorithm

Main Challenge:

EfoN
suddenly good
But player puts little weight on it

Barrons (Barrier-Regularized-ONS) compared to ONS:

1. Additional regularizer (to avoid too extreme distribution over stocks)



Key Components of Our Algorithm

Main Challenge:

$ $ § © o o & s
[ . N || EN
H 5.0 Egof 0.0 E gl
bad bad suddenly good

But player puts little weight on it
Barrons (Barrier-Regularized-ONS) compared to ONS:
1. Additional regularizer (to avoid too extreme distribution over stocks)

2. Increase the learning rate for worse stocks (faster recovery)



Key Components of Our Algorithm

Main Challenge:

$ $ $ © o o & $
[ N || EN
H qo o ENCN R o1
bad bad suddenly good

But player puts little weight on it
Barrons (Barrier-Regularized-ONS) compared to ONS:
1. Additional regularizer (to avoid too extreme distribution over stocks)
2. Increase the learning rate for worse stocks (faster recovery)

3. Restarting (adapting to maximum relative ratio)



Key Components of Our Algorithm

Main Challenge:

$ $ $ © o o & $
[ N || EN
H qo o ENCN R o1
bad bad suddenly good

But player puts little weight on it
Barrons (Barrier-Regularized-ONS) compared to ONS:
1. Additional regularizer (to avoid too extreme distribution over stocks)

2. Increase the learning rate for worse stocks (faster recovery)

3. Restarting (adapting to maximum relative ratio) | Poster #157 |




