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Our Task B
Given a length-n trajectory {X;}{_;, estimate H.
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Assumption

The data-generating process {X;}7_, is a reversible first-order
Markov chain with relaxation time Ty.

» Relaxation time 7,¢) = (spectral gap)™! > 1 characterizes the
mixing time of the Markov chain

» High-dimensional setting: state space S = |X'| is large and
may scale with n
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Estimators

For first-order Markov chain:
conditional entropy

i H(X1|Xo = 1)

Mm

A = H(X1|Xo) =

i=1 stationary distribution

» Estimate of 7;: empirical frequency 7; of state /
> Estimate of H(Xl\Xo = I): estimate discrete entropy from

samples X() = {X; : X;_1 = i}

Estimators
» Empirical estimator:

Femp = 371 #iFlemp(X(1)
» Proposed estimator: Hopt 25: iHo

pe(X()
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Main Results

Empirical estimator Hemp
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For a wide range of 7|, sample complexity does not depend on 7.
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Application: Fundamental Limits of Language Models
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Figure: Estimated and achieved fundamental limits of language modeling

» Penn Treebank (PTB): 1.50 vs. 5.96 bits per word
» Googles One Billion Words (1BW): 3.46 vs. 4.55 bits per word



