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Problem Setup

® Nonconvex finite-sum optimization:

min F(x) = %Z fi(x).

xcRd

» fis L-smooth: ||[V£(x) — V£i(y)|2 < L||x —y]2.
> F has stochastic gradients with o>-bounded variance: E;||Vfi(x) — VF(x)[3 < o2
> (Optional) F is T-gradient dominated (P-L condition): F(x) — miny F(y) < 7-|[VF(x)3.
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> f; is L-smooth: ||[Vf;i(x) — Vfi(y)]l2 < L||x —y]|2.

> F has stochastic gradients with o>-bounded variance: E;||Vfi(x) — VF(x)[3 < o2

> (Optional) F is 7-gradient dominated (P-L condition): F(x) — miny F(y) < 7 [|[VF(x)[|3.
® Goals:

» Find an e-approximate first-order stationary point X of F, such that

IVEX)|l2 < e
> If F is additionally 7-gradient dominated, find an e-approximate global minimizer X, such that

F(x) — ir;f F(x) <e.



Existing Algorithms & Convergence Results

® Gradient Descent (GD)

® Stochastic Gradient Descent (SGD)

® Stochastic Variance-reduced Gradient (SVRG) (Johnson and Zhang, 2013; Allen-Zhu and
Hazan, 2016; Reddi et al., 2016)

® Stochastically Controlled Stochastic Gradient (SCSG) (Lei et al., 2017)
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Update rules: x;11 = x; — 7 - V;. X; is the reference point of x;.
Algorithm Vi Gradient Complexity
GD VF(x¢) O(ne~2)
SGD Vi, (xt) O(e™)
SVRG  Vfz(x¢) — V7, (Xt) + VF(X¢) O(n?3¢72?)

SCSG Vg (xe) — VI, (Xe) + V(%)  O(n?/3e 2 pe710/3)

Gradient complexity: the number of stochastic gradient computations.



Stochastic Nested Variance Reduced Gradient Descent(SNVRG)

Algorithm 1 SNVRG-Epoch Algorithm 2 SNVRG

1: Input: xo,7, B, K, {B/},{T}}. 1: Input: 20,7, B, K, {B;},{T}},S.
2: Randomly pick Zg with size B. gz for[s = 1]’ - Svl*\sl\;llgG Eooch

0 0 : 5, 2] < -Epoc
o B Vi) x5 o (zr 2o B, {B). (1)
e o) et i R

K
5: Vo < Y 1o g(())7X1 < Xp — 1 - Vo. 5: Output: y,,¢ < uniformly chosen from {ys}.
6: for t=1,....]], T/ — 1 do -
7. Update {X(tl)} and {ggl)}. Algorithm 3 SNVRG-PL
K (I ) .

8: Vi < ZI:O gg) ; :“PUt-_Z{)aTI, B)UK(;I{Bl}a{TI}aS7 u.
o et Y 5 2, SNVRG
10: end for : u
11: Xout < uniformly chosen from {xogt<1‘[§i1 - (zu—1,m, B, K, {Bi},{Ti},S).
12: Output: [xout,xl—”;1 7l 4: end for

5: OQutput: zyy: < zy.




[llustration of Update Rules

We take K =2, T1 =2, T, = 3 as an example:
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Gradient Complexity Comparison

Gradient complexity for finding an e-approximate first-order stationary point:

Algorithm  Gradient Complexity
GD O(ne~2)
SGD O(e™)
SVRG O(n?/3¢72)
SCSG O(n?/3¢2 A e710/3)
SNVRG

(this paper)
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® SNVRG is strictly better than SCSG by a factor of Q(n'/6 A e=1/3).
® A similar complexity has also been obtained in a concurrent work by Fang et al., 2018.



Gradient Complexity Comparison under P-L Condition

Gradient complexity for finding an e-approximate global minimizer:

Algorithm Gradient Complexity

GD O(rn)
SGD O(e™*)
SVRG O(n + 7n?/3)

SCSG O(nAZ+1(nAT)%3)

SNVRG-PL = .
T T\1/2
(this paper) O(nA et 7(n A 6) )

® SNVRG-PL is strictly better than SCSG by a factor of Q((n A Te~1)/°).
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Probier Setup an Proenares

> Optimiaionpalns: .1 = /13
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	Finding first-order stationary points

